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Outline

@ Introduction: A large N, relationship of weakly-coupled continuum
QCD on S' x S3 with a truncated action, and strongly-coupled lattice
QCD with static quarks from a 3d effective spin model

@ Corrections: What happens to this relationship at the next order in
the strong coupling and hopping expansions?

» The strong coupling expansion to O(3?Nt)
» The hopping expansion to O(x2"t)



What is the leading order relationship?

What we're investigating is a large N, correspondence between equations

of motion.

Using this correspondence observables in one theory can be calculated from
observables in the other under a suitable transformation of parameters.

QCD on St x S3 with

—
a truncated action N.—00
A—0
small volume
any m S p
continuum

What can be mapped?

Lattice QCD 3d
effective spin model

A — 00

large volume

heavy quarks, m S

lattice

We mapped the polyakov lines, quark number, and resulting phase
diagram for QCD with p # 0 from S x S3 to the lattice strong coupling

expansion with heavy quarks.



1-loop action on S! x S3

[Aharony et al - Adv.Theor.Math.Phys. 8 (2004) [hep-th/0310285]]
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YM deconfinement transition at z,7 =1 (T, ~ 0.759/R) [Aharony et al
(2003)].



Lattice strong coupling expansion
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057[arXiv:1010.0951]]

After integrating out the spatial link variables the lattice Yang-Mills
partition function can be simplified by using the character expansion

Zyy = [[aw: H

o, 1+Z/\R NR(Wxr(W)) + xr(W)xr(W,)]

yr(Wy) = Trr(W) are characters of Polyakov lines Wy = HITV;l Uo(x,7)
in representation R. The [, , is over nearest neighbor sites.

The Ag are expansion parameters in powers of -

Mg = [ug]"" [L+ O ()]

with
1

u=up —— .
Nc— 00 gzNC




Hopping expansion - static quark limit
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057 [arXiv:1111.4953]]

The fermion determinant can be approximated in the static, heavy quark
limit by the hopping expansion
log det(D + youu + m) = arh[e/TTeWy + e */ TTrW]]
+ a2 [ TTe(W2) + e/ TTe(WI2)] + ...

For Wilson fermions

NG _ N 2 _
ap =2 ) h=rMN[1+0(x%)], K=

1
ma+d+1°

See also [De Pietri, Feo, Seiler, Stamatescu - Phys.Rev. D76 (2007) 114501
[arXiv:0705.3420]]



What are the leading order transformations?
[Hollowood and JM - JHEP 1210 (2012) 067 [arXiv:1207.4605]]

To leading order in a combined lattice strong coupling and hopping
expansion the action is [Damgaard and Patkds (Phys. Lett. B 172 (1986) 369)]

lat

S® — Sygm = —2u™DY" [<TrW>TrWXT F(TeWH TeW, — (TeW) (Tew)
— 2NN S [e"/TT&rWX + e_“/TTer} .

From 1-loop perturbation theory the action for QCD on S* x S3 is
Ssixss — Svam = — N2z,1p1p-1
— N¢Nezsy (e“/ Tpr+e TP—l) :

where the action is truncated at n = 1. This is a good approximation for
1 < g1 and T not too high (such that z,1, zr e > 2,0, zpre?5).

Transformations: p1 ﬁ(TTVW , z,1 — 2uNtD7
1 ze1 — 2N
p-1 W<TYWT>, 1 "
c




Lattice strong coupling expansion
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057[arXiv:1010.0951]]

After integrating out the spatial link variables the lattice Yang-Mills
partition function can be simplified by using the character expansion

ZYM—/SUN HdW H [1+ > Dk [r(W) xr(W)) + xr(W) xr(W)]

(xy) R

YR(Wy) = Trr(W) are characters of Polyakov lines Wy = Hiv;l Uo(x, )
in representation R. The [, , is over nearest neighbor sites.

The Ag are expansion parameters in powers of -

Ny
e = [ur]| L+ O ()],

1
U .
Ne— o0 g2 NC

with

u= ur




ur for general N,

The couplings can be obtained from

1 Ug
UR = — —
dg o’

where dr is the dimension of the representation R,

g = Z det [y 4i—jn(x)]

n=—oo
and -
o= Y detlli_jsn(x)] ,

with x = %. l,(x) is the modified Bessel function of the first kind
represent the Young tableau of the representation R.

. The )\j



Labeling a representation: \;

The Young tableau of a representation R is labeled by

(1) = (pa, p2y oy piy—1), Where pq is the number of columns with 1 box,

w2 is the number of columns with 2 boxes, ..., and ending with the
number of columns with N — 1 boxes.

The )\; descend in magnitude A1 > A > ... > Ap. The definition is
{A} = {1, A2, ..., AN}, where \j = pj + pjy1 + ... + py—1, such that
)\N—l = UN-1, and )\N =0.
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Double Young diagrams

[Drouffe and Zuber]

In the large N, limit the couplings can also be obtained from double
Young diagrams. The formula for the ug simplifies to the form

1 ofm} o{n} A
ug = u)!™,
* = e Tt Tt M)
where
I{ky
= dg
|k|! H (An— ,+I)|
Here the A; = {m1my,...,0,0, ..., —n1, —ny, ...} represent the double

Young tableau of the representation R.
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Double Young diagrams

fundamental: A = {1}, {-1}
allin
symmetric A = {2}, {-2}

T [

antisymmetric A = {1,1}, {-1, -1}
adjoint A = {1, -1}
L]
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ug for N. — oo

Fundamental

Symmetric

Antisymmetric

Adjoint

Up — u.
Nc—o00

usg — u?.
Nc—o00

Uas — u°.
Nc—o00

UAdj N—> U2 .
c—00
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Lattice strong coupling expansion
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057[arXiv:1010.0951]]

After integrating out the spatial link variables the lattice Yang-Mills
partition function can be simplified by using the character expansion

Zyw = [Taw: T
()

SU(Ne) ™5

1+ > Ar [ r(W)xr(W)) + xr(W)xr(W,)]
R

yr(Wy) = Trr(W) are characters of Polyakov lines Wy = HITV;l Uo(x,7)
in representation R. The [, , is over nearest neighbor sites.

. . 1
The A\r are expansion parameters in powers of P

Mg = [ug]"" [L+ O ()]

with
1

u=up —— .
Nc— 00 gzNC
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Characters

One can obtain the characters xg(W;) from the Frobenius formula,

YR(W) = TrgW = = Z\R )(Trp WYL (Trp W2Y2.  (Trg W Yr
JeSn

where
n is the number of boxes in the Young tableau of the representation R,

Y r(j) is the group character, in the representation R, of the permutations
J= /1,2, -, jn, Of the symmetric group S,.

In practice it is simpler to obtain the characters for the symmetric

representations,
n!

[Tke1 Kejk!’
then apply suitable tensor product decompositions to obtain the other
characters.

xs(i) =
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Characters

Symmetric representation is:

1
2
From (1,0,...,0) ® (1,0,...,0) = (0,2,0,...,0) @ (2,0,...,0), the
antisymmetric representation is:

TrsW =Tro,...00W = [(TrW)? + (Tt W?)] ,

TI‘ASW == TI'(072,07“_70) W = [(r:[‘]f‘/‘/)2 — (TI‘ W2)] s

N =

From (1,0,...,0) ® (0, ...,0,1) = (1,0, ...,0,1) & 1 the adjoint
representation is:

TrAdjVV = Tr(1,07..,’071) W=TrWTrwi—1.
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Corrections to the action

Adding up the contributions from the fundamental, symmetric,
antisymmetric, and adjoint representations, the correction to the action at
O(u?Me) is

2Nt
AP = _”? 3 [Tr(wf)Tr(Wy) + Te(Wi2)Te(W2)
(xy)

— TrW, Tr W) — TrWy'I&"WyT] .

Using large N, factorization this can be rewritten as

WS = —d Py [(Tr(vv2)>Tr(sz) F(Te (W) Te(W3)

X

— (Tr(W))(Tr(W?)) — 2 TrWXTrWXT] .
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Lattice strong coupling expansion
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057[arXiv:1010.0951]]

After integrating out the spatial link variables the lattice Yang-Mills
partition function can be simplified by using the character expansion

Zym = dWw,
™= /su(/vc H H

(xv)

l+Z/\R YRW)R(W) + xr(W)xr(W,)]

vr(Wy) = Trr(Wy) are characters of Polyakov lines Wy = HITV;l Uo(x,T)
in representation R. The [, , is over nearest neighbor sites.

The \g are expansion parameters in powers of

2ch

Ae = [u]™ [1+]0 ()] .

1
—_— .
Nc— o0 g2 NC

with

u= ufr
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Decorations
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057 [arXiv:1010.0951]

There are higher order corrections to nearest neighbor contribution to the
action from fundamental representation Polyakov lines. These are
corrections to the O(u"7) terms which take the form

uM Xy S8 = a7 X (0 ) (Y [TrWXTrWyT + Tr Wi Te W,
(xy)
Some contributions are:
No decorations
L7 77 uN- Sél)

One raised plaquette decoration (3 spatial dimensions)

6 ue (4N, u*] S
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Decorations
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057 [arXiv:1010.0951]

Two raised plaquette decorations which are not next to each other

1
AT uM | S (@N) - 4Ny - 3)t | Y

Two consecutive raised plaquette decorations which do not face the same
direction

uM (4N u* - 3u%] IV

Two consecutive attached raised plaquette decorations

:@ uM [4N; u°] SE)

or 3, 4, etc.
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Hopping expansion - static quark limit
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057 [arXiv:1111.4953]]

The fermion determinant can be approximated in the static, heavy quark
limit by the hopping expansion

log det(D + youu + m) = arh[e/TTeWy + e */ TTrW]]

+ aph?[e/ TTe(W?2) + e 24/ TTe(WI2)] + ...

For Wilson fermions

(-1 N, 2 1
L =2 : h= f[l O ] SR S
? n " +O() & ma+d+1

See also [De Pietri, Feo, Seiler, Stamatescu - Phys.Rev. D76 (2007) 114501
[arXiv:0705.3420]]
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Hopping expansion - corrections
[Langelage, Lottini, Philipsen - JHEP 1102 (2011) 057 [arXiv:1111.4953]]

There are also corrections to the hopping expansion in the 'static’ quark
limit which include short spatial detours. These corrections to the leading

O(xN7) terms contribute before the O(x2N™) contributions.

KN N SO = 26N M (i, u, N ) [ TTe W + e TTe W]

For example:

N
NN

kN7

Ny—1
6N, k> Z ul] S,Sl).

=1
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What is the new correspondence?

N !
Slat = — 2U t gl

DY [(Trvv)Ter F(TeWHTeW, — (TrW><TrWT>}

—d My [ (Tr(W?2)) Tr(W?) + (Tr(WT2)) Tr(W2)

X

—(Tr(W))(Tr(W?)) — 2 TrW, Tr W] ]

NS [— 26" Ny | [e“/TTrWX + e—“/TﬂWj]

2N [e2“/ TTr(W2) + e 24/ TTi( Wjﬂ

1
Ssixss — Svam = —N? |z,1p1p—1 +52v2020 2

+ NN, [ - 251 (e“/Tpl + 6_“/TP—1)

1
+52r2 (ez“/sz + e_2”/Tp—2)
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Transformations

1 1

& —(TrW & —(Tr(W?
pl NC< r >7 p2 NC< r( )>7
1 1
p-1 > 7<TI‘WT> ) p—2 <> 7<TI'( WT2)>5
N, Nec
z,1 — 2uM DN, 2,0 — u?MNeD |
zr — 26NN, zpy — 2k°Ne |
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Conclusions

o A large N, relationship of EOMs in QCD on S! x S3 from 1-loop
perturbation theory, and lattice QCD from a combined strong
coupling and hopping expansion, can still be defined when the actions
are truncated at 2 windings of the Polyakov lines.

o For lattice variables 5 and k it is unclear how to get to the theory on
St x S3, but one can still go from S! x S3 to the lattice theory.

@ The lattice action, and the representation-dependent couplings, take a
simplified form up to O(5%N7) and O(h?), in the large N limit.

Thanks!

Special thanks to Christian Holm Christensen for giving us a copy of his
master thesis and to David Gross and Jens Langelage for several insightful
discussions.

25



	Introduction
	Conclusions

