JCD at nonzero isospin density
William Detmola

H B Massachusetts
I I Institute of
Technology

eXtreme"”

QCD13




QCD and isospin density

*  Why isospin density/chemical potential?

* Physically occurring dense matter has uu # ud
* Neutron matter (n-stars): Nj ~ Ng/3

* Heavy ion collisions (eg Pb-Pb): Nj ~ Ng/5

 [heoretically interesting
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* New phase structures to Investigate

e Relations to other theories
at large Nc [Cherman et al. PRL 201 I, Hanada eta . PRD2012]

o Useful test laboratory

e (Computationally possible with current methods



QCD at nonzero

e Jwo-flavour QCD with nonzero quark chemical potential

Lacp = Y $D(up)s + Lyu
f=u,d

D(uys) = Dyy* +myp + ppy”

e [sospin chemical potential sets u = wu = - Wd

e After integrating the quark d.o.f, the QCD partition function
has positive definite measure (assuming my=mq)

Zqep = / DA det[D(u)] det[D(—p)]e5v

det[D(p)] det[D(—p)] = det[D(p)] det[D(p)']
= | det[D(p)]|"

* |mportance sampling can be used In this theory

* FEquivalent to phase quenched QCD



Low energy effective theory

e [Effective theory for small w is chiral perturbation theory

e (Constructed by Son & Stephanov [Phys. Rev. Lett. 86,592 (2001)]

2
L= % < D,UD'UT > 42X\ < MU + UM >]

DU = 9,U +i[V,,U] V, = w60 M=m;+em/2
e Minimize effective potential to get ground state (at LO)
1 2 A
Up=9 .. | < m COSOé:m—;T——SCOtOz
explia ], || > my T

() = [PAcosa
i(PT950) = fAsina
i SU(B), RMT/EPSllOﬂ regime [Toublan, Kogut, Splittorff,Verbaarschot ....]

m2 = 2\m

e |nclusion of baryons [Cohen et al, Bedaque et al]



High isospin density

[Son & Stephanov Phys. Rev. Lett. 86,592 (2001)]

 Asymptotic freedom guarantees weak interactions as chemical
potentials becomes large

o Attractive OGE in ul'd channels

e Non-perturbative effects favour condensation in Uysd channel
leading to a superconducting (BCS) condensate

e (QCD inequaltties require PS channel to condense first)

e Likely that the BEC to BCS transition is a smooth crossover



Phase Diagram

e (onjectured phase diagram [Son & Stephanov]

I' | deconfined ULsa(1) restored
<uysd>=0
}0 ot
e e
< >#0 <uysd>=0
e [193

* NB:equivalent to phase quenched QCD



LOCD studies

SU(3) N,=2 £=5.2 m=0.025 8* lattice

1.257 -
e Kogut & Sinclair [PrRD 66 (2002) 014508; PRD 66 (2002) ook |
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am=014
83x4 lattices

LOCD studies

de Forcrand, Stephanov & Wenger
[PoS LATT2007 237]

Investigated using 2 staggered
fermions and re-weighting from 6
values of wi to get precise mapping
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Determine critical w from Maxwell
construction in free energy

Also Investigate pion susceptibility —
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LOCD studies

[Cea, Cosmai, d’Elia, Papa & Sanfillipo Phys. Rev. D85 094512, 2012; PoS LATT | 2]
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Isospin used to test convergence of extrapolations for
imaginary chemical potential [Ceaetal210589¢]

Pseudo-critical coupling from peak of PL susceptibility

Nf=2 staggered
mpi ~ 400 MeV
| 63x4 lattices



New Study @ Lattice 20| 5

[C Nonaka and M Kondo, Lattice201 3]

1 . . . .
n=0.2 7t correlator pi+ —e—

Investigated Wilson formulation using "
Co 0.1 EN
explicit source term

001 ¢

G(t)

Relatively small volumes (4°x8)

o
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e (harged pions split
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needs larger w, smaller my/mp

®
0.001

0.0001

e Explicit rotational breaking?




Dirac Operator Spectrum

[Nagata et al, XQCD | 3 poster]

. wr/T. = 0.4 ur/T.=1.2  p;/T. = 2.0
e Recent study of Dirac operator o | oot | o | T/
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QCD with explicit isospin charge

Another way of probing isospin density Is by
explicitly adding i1sospin density to the system

Construct correlation functions with
“many pions”

* Wick contractions explode - new
technigues necessary (a precursor to nuclel)

Aim Is somewhat different: extract properties of ground state
of the system

Interplay between few body physics (extraction of 2, 3, ... body
interactions) and bulk physics



Many mesons in LQCD

e Atypical @ correlator (my=my)

C (t) = <O ZE%U(X, t)uysd(0,0) O>

X
%Ae_Et




Many mesons in LQCD

e Atypical n @ correlator (my=my)

Cr(t) = <O ZE%U(X, t)uysd(0,0) O>

| X
— A e Ent




Many mesons in LOCD

e (Consider n ™ correlator (my=may)

Cr(t) = <O ZE%U(X, t)uysd(0,0) O>

_ A 6—Ent

e nl?Wick contractions: (121)2~ 10"/

e (Computable as coefficients in expansion of det=[ |+ AII]
[WD et al (NLQCD) 2007]

Cs(t) = tr[I1]° — 3 tr [I] tr [I1%)+ 2 tr [11°]
=3, 155(x,t0)y551(x,;0) s
* Maximal isospin: only a single quark propagator for small n

* (Generalised to multi-species systems [Detmold & Smigielski 201 1]



Larger systems

* How do we deal with complexity of contractions!
e One species: Nierms ~ 6”\/m/\/ﬁ
* [wo-species Is harder, more Is unfeasible

* How do we go beyond n=12¢
* Previous method fails because of Pauli principle

* Avoid by using multiple propagator sources but this leads to
contraction complexity



Few pion contractions




Blocks

* Define a partly contracted pion correlator

[I=R = ZS X, t;20)Y554(To; X, t)y5 = ZS X, t; ZBQ)ST(X t;xo)

. Tme—dependent | 2x 12
matrix (spin-colour indices)
e C(Correlators

Ci(t) = (), Ca(t) = (I)* — (II%),...

e Functional definition
)

Hij — ﬂz(x)uk(azo) = () Sun (1 Cl(t)
e (Generalises to 0t ()0 (o)
(Ru)ij = (@) (20) ——— o C(t)

0 ;(x)oug(xo)



Recursion relation

[WD, M Savage, Phys. Rev. D82, 014501, 2010]

* [he block objects are simply related

* \Very simple recursion relation

Rn_|_1 — <Rn> Rl —n Rn Rl

e Initial condition is that Ry = II, R; =0,Vy <1

 (an also construct a descending recursion as we know that
R13=0

* NB:recurrence idea generalised to baryons
[Doi&Endres 2012, WD & Orginos 2012; Gunther, Toth,Varnhorst Phys.Rev. D87 (2013) 09451 3]



Multi-source systems

* Jo get beyond n=12, need to consider multi-source systems

e (Consider two sources first

ni+nsg nq no
Connt | nant) (L) = < ( > at(x,t) ) (W_(YLO) ) (77_(3’2,0) ) >

e C(2(t) contains contractions like

T

S

Yy |

i)

X, t

Y2

W)




Multi-source systems

e Multiple types of blocks needed
T - @ T
Aab — ZSU(Xat;xa)Sd(th;xb) I

xbo—/ .
Lo

* [wo species case has a simple recursion relation:
First define

Plz(All(t)|A12(t)> | P2:< 0 | 0 )

0 | O Az (t) | Aga(t)

Vv

Then the generalisations of the R, satisfy a recursion

Q(n1—|—1,n2) — < Q(nl,ng) > Py — (nl —|—’I?/2) Q(nl,ng) Py

+< Q(nl—l—l,ng—l) > P2 — (nl +n2) Q(n1+1,n2—1) PQ



Further algorithms

'WD, K Orginos, Zhifeng Shi, PRD 86 (2012) 054507]

* A number of other ways of performing the contractions

e Vandermonde matrix method

( e A AE R YD A VAo T U ARV N
bt R APt ke Cor
det[1+A1an A]—1 2 12N—1
| et Jo a2 ) G
e |mproved recursion method T R e T A e
. fee? _ computational cost of ICm(s) Te+14
e fast Fourier methods oz
10000 ‘

1e+10

Cost [seconds]

e cigenvalue method [Anyi Li]

100 |
1e+08 )

1
1e+06

e Scale as N3 Il

0.01
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0.0001 Y
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N(# of sources)




[ attice details

NPLQCD collaboration [PRL200/,PRD2008,...]

e (alculations use MILC gauge configurations
e | =2.51m,a=0.12 fm, rooted staggered
e also =35 fm and

e NPLOQCD: domain-wall quark propagators

e mg~ 291, ,352,358,491,591 MeV

* 24 propagators / lattice in best case

e |,=n=l,.,12 pion and (5=n) kaon systems



Nn-meson energies

* Effective energy plots: log[ Ch(1)/Ch(tt+1)] #ﬁﬁ L%lf-;
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Larger systems

'WD, K Orginos, Zhifeng Shi, PRD 86 (2012) 054507]

e |,=n=1I..,72 pion

e (alculations use anisotropic configs from HSC
e (lover fermions, Tadpole improved gauge
e a.=0.12 fm, a+=0.04 fm

* Multiple sources to get to large systems
* (auge fixed momentum sources/sinks

* High precision arithmetic crucial

e Three volumes: | 63x128 203128, 203x256, 243x 128

e  Short time extents In two volumes necessitates A+P trick
(checked it OK on T=256 data)



Thermal effects

* |n lattice of finite temporal extent, contributions where states go

around temporal boundary are important
L5
Chr(t) = Z <n>A%Z,;”,Le(E”m+Em)T/2 cosh((Fp_m — Epn)(t—=T/2))+ ...
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Energies
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Effective chemical potential

'WD, K Orginos, Zhifeng Shi, PRD 86 (2012) 054507]

5
 Define “effective
chemical potential” |
dE 3
0 an
n |y -
via finite difference s 4
e NB:Eisgs. energy 1r = 16° 128(A<P) |
3
e Agrees with ChPT 0 — 203 256 |
. mm 24° 128(A+P)
expectation at low T
density but then i . . . . . . .
1 2 3 4 5 6 71 8 09

behaviour changes o (fm?)



Energy density

'WD, K Orginos, Zhifeng Shi, PRD 86 (2012) 054507]

* Energy density c.f. Stefan-Boltzmann expectation

e Peak position corresponds to I~1.3 mgp

0.16 .
— 16
0.14} — 20|
— 24




Strangeness and Isospin

LOxPT phase diagram for Wi,s [Kogut &Toublan, PRD 64,034007 (2001)]

Investigate through systems with K™'s and st™'s [Detmold & Smigielski, PRD
(201 1]

Contractions and analysis become far more complex

QCD calculations probe interesting region blue=small n+m
orange=large n+m
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Few-body interactions

* Few body systems can be used to extract two- and three-
hadron interactions

* [or near-threshold systems, Lischer two-particle quantisation
condition generalised to n boson systems [Bogoliubov *47;Huang Yang '57;
Beane, WD, Savage PRD7/6;074507,2007; WD+Savage PRD/7:057502,2008]

Interaction

Three-body
Interaction

* [ew body parameters can be extracted from fits to energy
shifts



Low energy pion interactions

Two pion (I=2) and three pion (I=3) interactions
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[sospin medium effects

* Medium of fixed i1sospin density modifies other hadronic
properties

* [hree examples
e  Quarkonium in medium [Detmold, Meinel & Shi PRD ]

e Baryon masses In medium [Nicholson & Detmold, Latt 3]

e Pion structure In medium [Detmold & HW Lin PoS Latt|0]



Quarkonium in medium

[WD, Stefan Meinel, Zhifeng Shi, PRD 2013 & to appear]

* Presence of isospin density modifies the forces binding a quark
anti-quark pair together

e Static limit, encapsulated in static quark potential
* Small screening effect seen [Detmold, Savage PRL 2009]

* Non-static case: modification of quarkonium spectroscopy
e Study S and P wave states and splittings vs p
e NRQCD study of bottomonium [Detmold, Meinel and Shi PRD 2013]
e RHQ study of charmonium [shi PhD thesis 2013]

e Extract |/W-m etc interactions



Screening of static potential

Modification to static quark—anti-
quark potential from presence of
isospin density

For relevant distances
oV(pr,r) = «a pr r,
a = —8(3) MeV fm?

Augment Cornell potential by this
term and solve for quarkonium
states

Expect larger effects on P wave
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Static potential

Modification to static quark—anti-
quark potential from presence of
isospin density

For relevant distances
oV(pr,r) = «a pr r,
a = —8(3) MeV fm?

Augment Cornell potential by this
term and solve for quarkonium
states

Expect larger effects on P wave
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Energy shifts

0.24r
0.23=
e Use NRQCD for bottom quarks at 0.2k
O(Vé) g 0.21F-
0.20 —’,&WWM R
* Light quarks as before oof S
0.18F
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At f tar
R(n,bb;t) = <Obb(t)OTM+ (t)(’)gb(())(’)n: O
(O (1) O5, (0)) (Ot () O, 4 (0))
0.36
— Zn;gb eXp(_AEn;Ebt) 4+ ... ool
where AE,; = E, 3, — Enov — By, Lo ’
\ \ | | \ go.go_llu 11111111 ;HI P Iﬂl[l] ‘
e Extract energy shift via exponenUal 025 g | HH
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Energy shifts

e Use NRQCD for bottom quarks at

O(Vv®)

e Light quarks as before

e (Consider ratios

T
R(n,gb; t) _ <O ( ) 7’L7T+( ) ( )Omﬁ' (0)>
(O, ()OI (0)){Oyn+ (O] (0))
— Zn;gb eXp(—AE t)
where AE, ; = E, ;

n;bb

— Lt f EEb

* [Extract energy shift via exponential

fits to ratio
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Energy shifts

.
g "

R(n,bb;t) =

Use NRQCD for bottom quarks at
O(v®)

Light quarks as before

Consider ratios

\Og ()€ m+() 0L, (00} _,(0))
(O, (DO}, (0)){Orr (O], (0))
— Z, 5, eXP(—AE, 3,t) +

where AE, 3, = E, 3, — Ennt — By,

Extract energy shift via exponential
fits to ratio
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Density dependence

D T
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Baryon masses in medium

[WD, Amy Nicholson, to appear & Lattice201 3]

e Systems with quantum numbers of single baryon and many
mesons

e Annihilation-less cases: n(KH)N, p(KH)N, = (m™)", EO(xH)"

* |sospin density dependence of masses: compare with
expectations of ChPT

* [Extract two- and three- body interactions
(MB, MMB)

e (Contractions more complicated
(require generalised blocks)



Baryon masses in medium

* Anisotropic lattices (HSC)

e clover fermions, tadpole improved gauge

e a,~0.1251m, at~ad/3.5,

e my~390 MeV, 323x256

e ~ 200 measurements per configuration
* Noisier than many meson

 T[hermal effects more problematic



Energy Splittings
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[sospin dependence

e Energy shifts vs Ng, Nk and fits to extract ChPT LECs, eg:

3 2
My = M](\?) _Mcosoz% + 4cq (micosoz—l—)\esinoz) + ((:2 — éq—]\‘} +(33) ,u%sin%x

0.012F 0.025F + _|_l
0.010 [ 0.020 Z bJ 7-C
0.008} E
- o 0.015}
< 0.006} < E
0.010f
0.004} :
0.002 | 0.005}
0.000E oooO0bo . . . . . . . oo
0 2 4 6 8
Ny
0.030F -
0.025} 0.008F
0.020} 0.006 |
= =
~ 0.015} >
< < 0.004}
0.010}
0.002}

0.005¢

0.000

0.000¢E




Hadron structure in QCD

DIS probes LC parton distributions gH(x)

OPE: Mellin moments of PDFs defined
by forward matrix elements of local
operators

(") = /_11 dr 2" qg ()

(H[py oD DY H) = plro  phnd (z™) g

NB: renormalisation scale dependent

n=1 corresponds to LC momentum fraction carried by quarks
inside H




Hadron structure in QCD

* |Intensively studied in QCD using 3-pt functions
Ca(t,p) = D e {0lxa (0)x}y (x, £)[0)

&
Cs(t,p) = 3 P (0x 1 (0) Oy 7)x by (. £)[0) @ R

03 (ta p) t—>o§> <>

=G IO

 Limited to low moments by reduced lattice symmetry
* Most studies for nucleon, but also pion, rho, ...

e (Generalisations to GPDs ...



Many meson 3=point correlator

e nm" 3-point correlator

C(n) <

t>17>0 _

nmw|O|nm) + ... Excitations and thermal effects

| )
)

permutations




Many meson 3=point correlator

e nm" 3-point correlator

Ce(,n)(t;T)=<0 Zc_i%u(xat)ﬂ%d((),o)} > Oy, 7)

y

)

nmw|O|nm) + ... Excitations and thermal effects

£37>30 _
T Ae E”t<

e (Contractions performed by treating the struck meson
as a separate species

Colour/Dirac structure of operator

~

Il = Z 75S(X7 t; ())’}/5‘51Jr (X7 t; 0)7 HT —X,y 75S(X7 t; Y T)FOS(Y7 T ()),7/55Jr (X7 t; O)

e System now looks like (n-1) pions + | “kaon”

* (an be written as products of traces of two matrices
[WD & B Smigielski, arXiv: | 103.4362]



[ attice details

Calculations use MILC gauge configurations
e | =2.51m,a=0.12 fm, rooted staggered
e also [=3.5fm and

Domain-wall quark propagators [LHP NPLOQCD]
e mg~ 291, 352, 358,491 MeV

e few sources / lattice
Need additional sequential propagators

Focus on momentum fraction: O*



Double ratio

e Define ratio to extract matrix elements

C?()n) (t, T) t>>7; 1 <TL 7_‘_—|— |O44 |TL 7_‘_—|—>
ciV(t)

R™(t, 1) =

e Double ratio

R(n)(t’ 7-) My <n 7T+|O44|’n 7T+> X Epnr <33>n7r+
RO(t,7)  Epn (rH0O%7t) 7 mg (@)

* No need to renormalise operator!

e Allows investigation of ratio of moments
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Pionic EMC effect

e |LC momentum fraction carried by quarks in a pion in a dense
medium c.f. in free space

1.0
. | ]
09 5 e | Caveat: Thermal
© v 2l and FV effects not
3 08 ¥ l% . - completely
8 ® |

2\ , Ay . | sorted out
s 4 §§ .
5 07 2=0.12 fm ¥i
 mom, = 290 MeV } |
0.6 v m, =350 MeV A (a =0.09fm) (m, =320 Me
’ ® m, =490 MeV j




 Overview of recent progress with isospin density/chemical
potential iIn QCD

e (Grand canonical approach
e Studies at low temperature! Large volumes!?
e [Effect on hadron properties?
 Rho condensation?
* Many pion approach
* How high in density?

* Excrtation spectrum!?






Four pion correlation
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Four pion correlation
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Four pion correlation
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Four pion correlation

T (6—4E47rt n €—4E4W(T_t))

Z3/1n (e—ngte—Elw(T—t) n G—ESW(T—t)e_EMt)

t=0



Four pion correlation
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Four pion correlation
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R(S,1¢3t)

Ratios without correlations
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FIG. 5.16: In this figure, correlated contraction and uncorrelated contraction by shifting
50 configurations are compared. When correlations among C,,_(t) and C),-(t) are taken
away, we indeed recover the result for uncorrelated correlation functions such that the
ratio is consistent with 1.0.



Bottomonium-=Pion Interactions

Bottomonium+Pion System allows
extraction of interactions via LUscher
method

Expectation from VWeinberg (I1=0
state) and model studies Is that the
interactions should be small (O In
chiral limrt)

Mass dependence known so can
interpolate

aPs) = 0.0025(8)(6) fm

My,

a %) = 0.0030(9)(7) fm
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