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The QCD Sign Problem

The QCD partition function

7 — / dU] e~5a(V) / JD dipe—TMyIUUT] vy

Solution to sign problems in d > 2 usually imply

1= (et %)

— (DU, UM 0

DetM[U, U'] = |Det(D[U, UN|?> > 0
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The QCD Sign Problem

The QCD partition function

7 — / dU] e~5a(V) / JD dipe—TMyIUUT] vy

Solution to sign problems in d > 2 usually imply

0 D[U, U]
MIU, U'] = ( —(D[U, U]’ 0 >

/ DetM[U, U] = |Det(D[U, UN|? > 0

solvable form
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In the presence of a chemical potential

0 D[Ue#, UTe™#] >

MU, UT, u] = ( —(D[Ue_“, UTe“])T 0
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In the presence of a chemical potential

0 D[Ue#, UTe™#] >

MIU. U', 1] = ( —(D[Ue™*, UTe“])T 0

Then,
Det(M[U, U, u]) = Det(D[Ue", UTe "]) Det(D'[Ue™ ", UTe"])

IS no longer guaranteed to be positive!
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In the presence of a chemical potential

0 D[Ue#, UTe™#] )

MU, UT, u] = ( —(D[Ue_“, UTe“])T 0

Then,
Det(M[U, U, u]) = Det(D[Ue", UTe "]) Det(D'[Ue™ ", UTe"])

IS no longer guaranteed to be positive!

Loss of “pairing” is the origin of the sign problem
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Sign Problems in Yukawa Models

Consider the partition function

7 — /[dU] e—o6(U) /[dgb] e~ () /d@ dwe—EXMxy[U,UT] by —8Px P
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Sign Problems in Yukawa Models

Consider the partition function
7 = /[dU] e—2cU) /[d¢] e~ 55(9) /d@ dipe= PxMolUUT] 4y g6, 0,

The fermion matrix is now given by

gpe D[U, U] )

(6 + M[U, UT]) = (—(D[U, UT])T o

where ve. ¥o are diagonal complex matrices.
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Again, Det(¢ + M[U, U']) is not guaranteed

to be positive.
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Again, Det(¢ + M[U, U']) is not guaranteed

to be positive.
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sign problem with fluctuating mass
with N=1 staggered fermions
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Again, Det(¢ + M[U, U']) is not guaranteed

to be positive.

200 - 200 |
150 L=12 I 150 L=12
Sign = +1 Sign = —1
Z 100 | Z 100
50 50}
550 600 650 700 550 600 650 700

log|Det(D[@))] log|Det(D[¢])|

sign problem with fluctuating mass
with N=1 staggered fermions

The Yukawa coupling can also destroy
the “pairing” mechanism
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Take Home Lessons

Chemical potential is not the only
source of sign problems!

Any interaction that destroys “pairing”
can in principle lead to sign problems!

A new class of "Yukawa” sign problems
are now solvable
using the “fermion bag approach”.
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The Fermion Bag Idea
SC, 2010
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The Fermion Bag ldea
SC, 2010

Group Fermion Worldlines
(fermion bags)
and sum over each group individually.
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(fermion bags)
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SC, Wiese, 2000
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The Fermion Bag Idea
SC, 2010

Group Fermion Worldlines
(fermion bags)
and sum over each group individually.

(Extension of the meron cluster idea)
SC, Wiese, 2000

Choose fermion bags carefully
that help solve sign problems
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Consider
[ &M (<) (0,055 0)
(_@b % @,g % ) (_@m ¢i4 ) ( _@,g % )
(_@@ wi? @h ¢i6 ) (_Eig wig @I'g wis )
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Consider e
/ [dipdip] e ViMivs (=03 03 ) (=, 01 0, ) | fermion bag

(_@b%@iﬁb) (_@izlwiz;)(—@%w,g) >
(=i i) (—Uu i) ; i

\.

small fermion bags
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Consider e
/ [dipdip] e ViMivs (=03 03 ) (=, 01 0, ) | fermion bag

(_@b%@iﬁb) (_@izlwiz;)(—@%w,g) >
(=i i) (—Uu i) ; i

= Det(W)

\.

small fermion bags
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Consider e
/ [dipdip] e ViMivs (=03 03 ) (=, 01 0, ) | fermion bag

(TatsTyts) (Tt Fti) (@)
(Tt t) (TnBivn) L Lo

= Det(W) '2 *************** —
IR I Py =
W is the matrix (O\ |-

4 ;
obtained by dropping . ifg
some rows and > )
the same columns from )/ \
||
small fermion bags
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solvable form
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A new class of “solvable” problems

Consider actions of the form

Ty X

/ =

solvable complex space dependent
scalar field mass term
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A new class of “solvable” problems

Consider actions of the form

S:Z@x Mazy[g] Ve + g Z@@x% T Sb(O', gb)
Ty X

/ =

solvable complex space dependent
scalar field mass term

The action S,|o, ¢| is chosen such that
the sign problem in the k-pt correlation function

G(z1,y.,25,0) = /[dgb] e~ °b(0:¢) Goy Doy - Dz

IS solvable.
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Solvable bosonic theories are those
In which we can write

G(z1,..,25,0) = Z /[dp] Q(o,b, p,n),
b

Q(o,b, p,n) >0
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Solvable bosonic theories are those
In which we can write

G(z1,..,25,0) = Z /[dp] Q(o,b, p,n),
b

Q(o,b, p,n) >0

where the [n] is a monomer field labeling
the location of z1, zo,...,z«
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Solvable bosonic theories are those
In which we can write

G(z1,..,25,0) = Z /[dp] Q(o,b, p,n),
b

Q(o,b, p,n) >0

where the [n] is a monomer field labeling
the location of z1, zo,...,z«

and (b, p) are “other” bosonic fields

introduced to solve the sign problem.
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Solvable bosonic theories are those
In which we can write

G(z1,..,25,0) = Z /[dp] Q(o,b, p,n),
b

Q(o,b, p,n) >0

where the [n] is a monomer field labeling

the location of z1, zo,...,z«
Dual variables

(Kloiber’s Talk)
and (b, p) are “other” bosonic fields

introduced to solve the sign problem.
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These class of models are not solvable with the
traditional approach
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These class of models are not solvable with the
traditional approach

S =Y(Mlo]+ g®)Y + Sp(o, §)

Mlo] + g® = ( _%Z?EU] f])[g;] )

7 = / [do dgle 17?1 Det(M][o] + gP)
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These class of models are not solvable with the
traditional approach

S =Y(Mlo]+ g®)Y + Sp(o, §)

Mlo] + g® = ( _%f[lg] f])[qf;] )

7 = / [do dgle 17?1 Det(M][o] + gP)

|

suffers from sign problem
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These class of models are not solvable with the
traditional approach

S =Y(Mlo]+ g®)Y + Sp(o, §)

Mlo] + g® = ( _%f[la] f[qg >

7 = / [do dgle™7?! Det(M[o] + g®)

|

suffers from sign problem

The Fermion bag approach solves the sign problem!
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Fermion Bag approach

Wednesday, August 7, 2013



Fermion Bag approach

Rewrite the partition function as

7 = / do de) e (79) / dpdy)] e~V MIATVTT (e—g & %%)
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Fermion Bag approach

Rewrite the partition function as

7 = / do de) e (79) / dpdy)] e~V MIATVTT (e—g & %%)

Due to the Grassmann nature

e~ 9 Pu Votbe — l+g %(—@m%) — Z (g o (_Emwm))nx

n,=0,1
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Fermion Bag approach

Rewrite the partition function as

7 = / do de) e (79) / dpdy)] e~V MIATVTT (e—g & %%)

Due to the Grassmann nature

e~ 9 Pu Votbe — l+g %(—@m%) — Z (g o (_Emwm))nx

n,=0,1

We can then rewrite

2=3 [tdo) [lae) =@ [ldbay] M ] (g 00 ()

kd

Wednesday, August 7, 2013



Wednesday, August 7, 2013



Consider a configuration [n]
where z1 z2 ... zx are the Kk sites
where nyx = 1
and all other sites have nx =0
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example of configuration [n] with k =10

Consider a configuration [n] SN N TN N S N N

where z1 z> ... zx are the k sites ¢¢¢*
where nx = 1 S SO S S SEP WP S N

and all other sites have nx =0 *¢*

et

a
$oeni-
a
? -
]
s
+
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example of configuration [n] with k =10

Consider a configuration [n] N TS T O T T
where z1 z2 ... zx are the k sites NP S N G S S N .

where ny = 1 NS S N P S S
and all other sites have nx =0 N

---‘----'----r---* ---------

2=3"g" [ldo] [ldg] e 5D ., 6., .. o,
>~ ot [ |

/ dGdy] P MOV Y (LT ) (<Pt o (=B )
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example of configuration [n] with k =10

Consider a configuration [n] S TN O T T T O
where z1 z2 ... zx are the K SiteS o doboboebomabedenee.
where ny = 1 .b¢¢ .....

and all other sites have nx =0 et

---‘----'----r---* ---------
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example of configuration [n] with k =10

Consider a configuration [n] SN N TN N S N N
where z1 22 ... zc are the k sites i dorrmdorcioncionn
where ny = 1 S S T - P -

and all other sites have nx =0 e Tt T S S S S

i 1 ! )
!

Fermion Correlation Function
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Fermion correlation function

/ dGdy) e MOV T g T g
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Fermion correlation function _
Fermion bags

/[a@d?ﬂ e_a M[U] v @zlwm Equvbzk

fermion bag configuration
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Fermion correlation function _
Fermion bags

/[a@d?ﬂ e_a M[U] v @zlwm Equvbzk
= Det(W|n,o]) >0

fermion bag configuration
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Fermion correlation function _
Fermion bags

/[a@d?ﬂ e_a M[U] v @zlwm Equvbzk
= Det(W|n,o]) >0

W is a (V-K) x (V-k) matrix
obtained by dropping sites z1 ... zxk in M

fermion bag configuration
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Fermion correlation function

Fermion bags

/[CMCW] e_a M[U] v @zlw?«l Ezszk
= Det(W|n,o]) >0

W is a (V-K) x (V-k) matrix
obtained by dropping sites z1 ... zxk in M

0 Din, o] > fermion bag configuration
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Fermion correlation function

Fermion bags

/ dGdy) e MOV T g T g
= Det(W|n,o]) >0

W is a (V-K) x (V-k) matrix
obtained by dropping sites z1 ... zxk in M

0 Din, o] ) fermion bag configuration

Connection to Diagrammatic Determinantal MC
Talks by Endres and Detmold
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Thus, the partition function
IS given by

7 - 2; / do dp| g* Q(o.b. p.n) Det(Wn, o)
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Fermion bags

Thus, the partition function
IS given by

fermion bag configuration
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Fermion bags

Thus, the partition function
IS given by

T _.----?---.
_...--.?---.

No sign problem!

7=%" / do dp] g Qo,b.p,1) Det(Win, o)) __§

n,b

fermion bag configuration
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Fermion bags

Thus, the partition function
IS given by

T _.----?---.
_...--.?---.

No sign problem!

7=%" / do dp] g Qo,b.p,1) Det(Win, o)) __§

n,b

|nteresting mapping INto fermion bag configuration
classical statistical mechanics
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Another class of “solvable” problems
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Another class of “solvable” problems

Consider actions of the form

S = Z@X M,y o] ¥x — I'Z (8101, 02U — &2 ¢2x@><02@1) + Sp(0, 1, ¢2)
xy

X

where ., 1, are two component Grassmann fields
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Consider actions of the form

S = Z@X M,y o] ¥x — I'Z (8101, 02U — &2 ¢2x@><02@1) + Sp(0, 1, ¢2)
xy

X

where ., 1, are two component Grassmann fields

Assume M,, = A, @ |+ i B, ®o® withreal A, B°
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Another class of “solvable” problems

Consider actions of the form

S = Z@X M,y o] ¥x — I'Z (8101, 02U — &2 ¢2x@><02@1) + Sp(0, 1, ¢2)
xy

X

where ., 1, are two component Grassmann fields

Assume M,, = A, @ |+ i B, ®o® withreal A, B°

C D B C D
= (5 2) we(52)
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Another class of “solvable” problems

Consider actions of the form

S = Z@X M,y o] ¥ — I'Z ( g1d1xt, o210x — &2 ¢2XJX02@XT) + Sp(0, 91, 92)
Xy

X

where ., 1, are two component Grassmann fields

Assume M,, = A, @ | +i B, @ o” withreal A, B’

C D B C D
(5 8) we (5 2)

Such problems naturally describe “pairing” of
fermions like in a superconductor
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( Ci1 Ci2 Ci3 Gy | M1 M Mys Min
Co1 2o Co3 Gn | May My My Moy

C31 (3o Cs3 Gn | M1 M Mss Mz

Cni Cn2 Cn3 Cuv | M1 Mpo Mz My
-My —Mi, —Mg —Miy | G Gh o G Cin
M3 M3 —Mjy M3y | G G G Con
-Mz; M3 —Mg M3y | G G Go C3n
—Miy  —Myy  —M;zy —Myn | Cyvi Can G Can
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/ Ci1 Ci2 Ci3 Gn | M1 My My MlN\
Co1 2o Co3 Gn | Moy My Mo Mo
Ca1 C32 Cs3 Gn | Msi Mz Mss M3y
Cni Cn2 Cn3 Cwv | Mni Mpyo Mpysz ... Man
-Mp =M, —Mg; —Miy | G G G5y o Gy
My, =My  —Mjy My | Gy G Gy Gy
-Mz; Mz —Mg M3y | G G Gy GGy

\ ~Miy My M3y . —Min | G Gia Gis o Gin

( C11 Cp Ci3
Co1 Cp Co3
(E; . (53
Cni Cho Cn3
-My M —Mi;

—My —M5 —M3
N/ * NI * N/ *

S1 S Y4 35
\ My My My . —Miw | Gn e Gis - G )
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/ Ci1 Ci2 Ci3 Gn | M1 My My Min \
Co1 2o Co3 Gn | Moy My Mo Mo
Ca1 C32 Cs3 Gn | Msi Mz Mss M3y
M — Cni Cn2 Cn3 Cuv | M1 Mpo Mz My
-Mp =M, —Mg; —Miy | G Gh o G Cin
M3 M3 —M3 M3y | G G (G5 Con
-Mz; Mz —Mg M3y | G G Go C3n
My My My . My | G G Gis - Giw )
C11 Cp Ci3 CGn | Mii M M3 Min \
Co1 Cp Co3 Gn | Mag M My ... Moy
- L (59 -y 1Y/ PP, VN |7/ POV, Sy
wo |[—Cm e Cws
-My M —Mi;
-M3;  —MN5  —M;3;
N/ * NI * N/ *
S1 S Y4 35
\ My My My . —Miw | Gn e Gis - G )

solvable form
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Other classes of solvable models
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Other classes of solvable models

Begin with any class of matrices with some
property that gives positive determinants
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Begin with any class of matrices with some
property that gives positive determinants

Introduce interactions that
delete rows and columns
but preserve the property of positive determinants
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Other classes of solvable models

Begin with any class of matrices with some
property that gives positive determinants

Introduce interactions that
delete rows and columns
but preserve the property of positive determinants

Such interactions can be coupled
to bosonic “solvable” bosonic degrees of freedom
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Other classes of solvable models

Begin with any class of matrices with some
property that gives positive determinants

Introduce interactions that
delete rows and columns
but preserve the property of positive determinants

Such interactions can be coupled
to bosonic “solvable” bosonic degrees of freedom

Challenge: Understand “solvability” with non-Abelian fields

Dual Variables(?)
Subset methods, Bloch’s Talk
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A QCD-like Polyakov-Loop Model
may be “solvable”(?)
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A QCD-like Polyakov-Loop Model
may be “solvable”(?)

Action 5 Zw My [z, 2", ik, + Sol2

\

massless staggered Z3 Potts Model

Dirac operator Z3 Polyakov-Loop

variables
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A QCD-like Polyakov-Loop Model
may be “solvable”(?)

Action ¢ _ Z@XMXy[z, z*, ul, + Sp(2)
Xy

massless staggered \\ Z3 Potts Model

Dirac operator Z3 Polyakov-Loop

variables

Constraint: ®+ + + + + + + +

The Polyakov-Loop variables
live only on alternate time slices! * + { + * + * {
EEERE R R

»  Space

>
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Some repulsive models also solvable!
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Some repulsive models also solvable!

S = Z Exnywx -+ YXDXyXX
Xy

=Y U@ + URoe) = V(2 (Xoo) |

X
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Some repulsive models also solvable!

S = Z @xnywx -+ XxnyXx

Xy

U@t + URaxe)? = V(0,002 (Xox)? |

\ f

attractive repulsion
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Some repulsive models also solvable!

_ B Fermion Bag Configuration
5= Z Yy DyxyPx + Xx Dxy X

Xy

lb wx _|‘ U(XXXX) o Uz(EXwX)z(YXXX)z} 0

\ f

attractive repulsion

|

fermion bag

containing species 1 fermion bag
containing species 2
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Some repulsive models also solvable!

_ B Fermion Bag Configuration
5= Z Yy DyxyPx + Xx Dxy X

Xy

lb wx _|‘ U(XXXX) o Uz(EXwX)z(YXXX)z} 0

\ f

attractive repulsion

7 = Z Det(Wa)|? [Det(Wg)|?

|

fermion bag

containing species 1 fermion bag
containing species 2
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Some repulsive models also solvable!

_ B Fermion Bag Configuration

5= Z Yy DyxyPx + Xx Dxy X

Xy 11
U@t + U = V()P (%) -

\ f

attractive repulsion

7 = Z Det(Wa)|? [Det(Wg)|?

|

No sign problem! fermion bag

containing species 1 fermion bag
containing species 2
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models
S(Ev V) = ZEXMway — Z U(Xﬂ@xwx @y%
Xy (xy)
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models
S(Ev V) = ZEXMway — Z U(Xﬂ@xwx @y%
Xy (xy)

Thirring
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models
S(Ev w) — ZEXMway - Z U(Xﬂ@xwx @y%
Xy (xy)

et OF :
Lo N W VL
R R R L l
A S N s A
H’ al S:/ or/ e
o (o] e 0
Thirrin Gross-Neveu
g UL
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models
S(Ev w) — ZEXMway - Z U(Xy>@xwx @y%
Xy (xy)

oo mm mgnm ) i I I
solvable © ° © °
with HMC Thirring Uy Gross-Neveu
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models
5(@, Qp) — Z ExMxywy —
Xy

IR

Lo

A

/ 0 """'5"""
solvable © ©

suffers from
UL Gross-Neveu sigr_w problems
in HMC
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MC Results: Four-Fermion Models

S.C. A.Li, PRL (2012), arXiv:1304.7761

SU(2) x U(1) symmetric models

S(Ev w) — ZEXMX)/??D)/ - Z U(Xy)Exwx @y%
Xy

(xy)

solvable e i suffers from
with HMC Thirring UL Gross-Neveu sign problems
in HMC
massless fermions/ massive fermions/
U(1) symmetric U(1) broken

U — U
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Thirring model results

8 e L=12 _
 L=16
- L=20
« L=24
« L=28
- L=32| -
- L=36
« L=40
2 | NS -
| L | 1 | 1 |
0.24 0.25 0.26 0.27
U
B | | | | I l_
381 : 4 -
B E__ 16/L2 ) a._ : 7
36 | — 35/L2.37 e
- [ S 2% 28 333630 |
& 34r L -
- - - L=16 _ -
o |- L=20
32+ « L=24 ‘\\ ]
|
30 | L=36 T
- |- L=40 !
28 | L | L | L | L
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Comparison: Old vs New

Model Symmetry Work V N Nw
N=1 Lattice-GN | SU(2) x Z> Karkk(?ggj)’et'a" 1.00(4) | 0.756(8) | -
N=1 Lattice GN | SU(2) x Z S(SO?ZL)' 0.83(1) | 0.62(1) | 0.38(1)
N=1Lattice-Th | SU@KU() |~ gen ™ |080(15)| 0.70(15) | -
_ . Barbour et. al.,
N = 1 Lattice-Th | SU(2)x U(1) 1908) 0.80(20)| 0.4(2) i
i e SC & Lj
N=1 Lattice-(GN/Th)| SU(2) x U(1) 0.849(8)| 0.633(8) [ 0.373(3)

(2013)
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Summary

The QCD sign problem arises due to the destruction
of a “naive” pairing mechanism that we usually use
to solve fermion sign problems.

Yukawa models have similar sign problems, but
have received far less attention.

Fermion-bags is a general idea which has already
solved many new sign problems in Yukawa models
that seemed unsolvable earlier.

Precision Quantum Critical Behavior in a class of
Fermi systems is within reach.
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