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what QCD at non-zero quark chemical potential re?’ = det(D + pyo + m)

Ensembles with 6 fixed

why Understand the histogram method

Z and np build up as [ df

How General argumets, hadron resonance gas model, strong coupling

Sign problem = total derivatives wrt 6
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The sign problem
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det(D + pyo +m) = [det(D + pyo + m)|e”

No Weak Strong
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The O-distribution: (6(6 — 6"))
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A Im{det
T
X
X X X X X
R X
X X Rel det
§ X . X el det]
X X X

Full theory [ df(o(6 —0))
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The #-distribution is complex

- N

(6(0 —0"))141 = Zl /dA 5(0 — 0")det*(D + pyo + m)e °YM
1+1
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The #-distribution is complex

- N

(650 —0))141 = Zl /dA 5(0 — 0")det*(D + pyo + m)e °YM
141
— 1+1 = — et(D + puyo +m 2 e
(6(0 = 0"))1+ Zl /dA 5(0 — 0")|det(D + pryo 4+ m)|?e? e~ Svm
141
_ L e /dA 5(0 — 0")|det(D + pyo + m)[Pe 7Y M
Z14+1
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The #-distribution is complex

- N

(650 —0))141 = Zl /dA 5(0 — 0")det*(D + pyo + m)e °YM
141

(6(0 —0'))141 = Zl /dA 5(0 — 0")|det(D + pyo + m)|262’i9’6—5YM
141

- ! e /dA 5(0 — 0")|det(D + pyo +m)|[Pe Y M
Z1+1

/ _ Zl-|-1* 210 /
<5(0 0 >>1—|—1 — € <5(0 — 0 )>1+1*
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The simplest thing - normalization of the -distribution

- N

/ Z 24 /
<5(9 — 0 )>1+1 — 211:11 e’ 9<5(9 — 0 )>1+1*

/d@ GO0 = /d@ (50— 0))1s1- =1
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The simplest thing - normalization of the -distribution

- N

/ Z 24 /
<5(9 — 0 )>1+1 — 211:11 e’ 9<5(9 — 0 )>1+1*

/d@ (50— 0)) /d@ (50— 0')), 1 =1

[
+
[
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The simplest thing - normalization of the -distribution

- N

/ Z 24 /
<5(9 — 0 )>1+1 — 211:11 e’ 9<5(9 — 0 )>1+1*

/d@ GO0 = /d@ (50— 0))1s1- =1

/d96219<5(9 . 9,)>1+1* _ Zl‘|—1 ~ e—VAQ
ARRE

Exponential cancellations!
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uw<mg/2 VS p>mg/2

Alford Kapustin Wilczek PRD 59 (1999) 054502
Splittorff, Verbaarschot PRL 98 (2007) 031601

Dorota Grabowska, David Kaplan, Amy Nicholson PRD 87, 014504 (2013)
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The O0-distribution from the lattice

=

/)
300 |- Al ]
1
1 \

uq/Tzl.O

100 —

o (N, /4)Im[|n(det |v|)]

20

Central limit theorem — Gaussian

< my/2

Ejiri PRD 77 (2008) 014508
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Histogram method

(a.k.a. Density of states method or Factorization method)
400 [ A I B

300 — —

200 uq/Tzl.O |

100

.Hhhdmnmmmnml|‘
-20 10 0

“8=(N,/4)I m[In(det M)]

W /T=2.0 _

\ q
|‘ ‘ ”m”’l“ | I I I i [IRfnn = o
10 20

T
AY

Measure the width of the Gaussian and do the 6 integral analytically.

o

Anagnostopoulos Nishimura PRD 66 (2002) 106008
Fodor Katz Schmidt JHEP 0703:121,2007
Ejiri PRD 77 (2008) 014508

Sian oroblem as total derivative — p. 9/37



The exponential cancellations

-

400

300 —
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100

-10
0=(N,/4)!

17—
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m{In(det M)]

20

4e+06
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—4e+06

—— N=2
Corresponds to ” Nf:z
Ejiri's Fig 1 p/T=1.0
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The exponential cancellations

- N

400

Corresponds to
300 — Al — +06 L Ejiri’s Fig 1 p/T=1.0

A €

- v\/\/v
|‘ | |

ol ||IIi||||H|||||| ‘ ||||‘|‘||||||Ilmi ) ~4e+06_

- 0
e (N, /4)Im[|n(det M)] 0

10

S
I

o

The Gaussian fit needs to be good
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Is (5(0 — #"))1.1- Gaussian?



Is (5(0 — #"))1.1- Gaussian?

Check analytically!

Lombardo Splittorff Verbaarschot PRD 80 (2009) 054509

Greensite Myers Splittorff, arXiv:1306.3085 and to appear
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The delta function

B B

1
2141

(6(0 —0"))141 = /dA 0(0 — 9/)det2(D + o + m)e—SYM
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The delta function

B B

1
2141

(6(0 —0"))141 = /dA 0(0 — 9/)det2(D + o + m)e—SYM

00 —0") = —/ dp oiP(—0+0")

- B
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The delta function

B B

1
(0(0 —0"))141 = 7 /dA 5(0 — 0")det*(D + pyg + m)e Y™
N LT ip(—0+0)
00 —0") = — dp e'P
2T ) _ oo
/ 1 - —ipl / _ipd’
OO =)= o dp e (™ ) 141

B o | N
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The moments of the phase factor

- N

iy, = L [ detD & po +m)
AN det?’?(D — pryo + m)
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The moments of the phase factor

- N

iy, = L [ detD & po +m)
AN det?’?(D — pryo + m)

Compute these moments for all p and pluck them back into

1 [o° o
(0(0 —0))141 = %/ dp e ) 141
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General form of the moments (< mg/2)

- N

<€ip9’>Nf _ o~ P/2(Ns+p/2)X1—(p/2(Ny+p/2))* Xo+...

where the X ;s are extensive
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General form of the moments (< mg/2)

- N

<€ip9’>Nf _ o~ P/2(Ns+p/2)X1—(p/2(Ny+p/2))* Xo+...

where the X ;s are extensive

Gaussian dist of § < X; = 0forall j > 1

Lombardo Splittorff Verbaarschot PRD 80 (2009) 054509

Greensite Myers Splittorff, arXiv:1306.3085 and to appear
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Gaussian distribution found In

- N

e 1-loop chiral perturbation theory

e Hadron resonance gas model

Lombardo Splittorff Verbaarschot PRD 80 (2009) 054509

Greensite Myers Splittorff, to appear
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Gaussian distribution found In

- N

e 1-loop chiral perturbation theory

e Hadron resonance gas model

But ... strong coupling QCD for N. = 3 beyond 3rd order in the hopping parameter
has corrections to Gaussian

Lombardo Splittorff Verbaarschot PRD 80 (2009) 054509

Greensite Myers Splittorff, to appear
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Warning: (§(6 — ")) looks Gaussian at large volumes!
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Example with 20% correction to the free energy

(5(0—0")) = 1 /dp e—z’@pe—p2X1—p4Xz—p6X3

27
X1 =V: X9 =-2V: X3 =0.02V (Black)

X1 =V; Xe=0; X3 =0 (Red) V=2
0.25— . . |
— X1, X2, X3
— Xlonly Gaussian
02— —
A 015 |
(ap]
)
Y oaf _

0.05—
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Example with 20% correction to the free energy

(65(0— 0)) = zi / dp e~ PP Xa P X2 mp"Xs
T

X1 =V: X9 =-2V: X3 =0.02V (Black)
X1 =V: X5 =0 X3 =0 (Red) V=5

— X1,X2,X3
— Xlonly Gaussian |

01

<5(0-0)>

0.05—
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Example with 20% correction to the free energy

f (6(0—0))

1 —i0p —p?X1—p*Xo—pPX
— — [ dpe PP X1 X2—p X

27

X1 =V: X9 =-2V: X3 =0.02V (Black)
X1 =V; Xe=0; X3 =0 (Red)

0.1

0.08—

0.02 -

— X1, X2, X3
— X1l only Gaussian

;
0

10

20
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Example with 20% correction to the free energy

(5(0—0")) = 1 /dp e—z’@pe—p2X1—p4Xz—p6X3

27

X1 =V: X9 =-2V: X3 =0.02V (Black)
X1 =V; X2 =0; X3 =0 (Red) V =20

0-07 T T T T T I

— X1, X2, X3
— X1 only Gaussian

-30 -20 -10 10 20 30
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Reason: The effect of X5 is 1/V suppressed in (§(0 — 6"))  (for 0 < V)
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- N

Reason: The effect of X5 is 1/V suppressed in (§(0 — 6"))  (for 0 < V)

Consistent with the central limit theorem
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However:

We want to obtain (e*?) from the distribution
(50— 0')) = QL / dp e PemV X1 TP X2t X
T

Analytically this is trivial

/ 40 ¢ (5(0 — 0)) = ¢~ X1~ X=X
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However:

We want to obtain (e*?) from the distribution
(50— 0')) = ZL / dp e PemV X1 TP X2t X
T

Analytically this is trivial

/ 40 ¢ (5(0 — 0)) = ¢~ X1~ X=X

But if we only capture the Gaussian (ie. X; ) we make a 20% error
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Conclusion: The effect of X5 is 1/V suppressed in (6(8 — 60)). But is
nevertheless needed to get the correct free energy.
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The sign problem as a total derivative



The distribution of np with 6

- N

(npd(0 — ‘9/)>1+1

1 d
i 7= [ 0460 = 0/ (u)det®(D + iy + e
2141 f—p dfL
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The distribution of np with 6

- N

(npd(f — 9/)>1+1

1 d
i 7= [ 0460 = 0/ (u)det®(D + iy + e
2141 f—p dfL

We are after

(np)1+1 = /d9 (npo(0 —6))1+1
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The sign problem as total derivatives

- N

c1 O o 0?
(npo (0 — 9’)>Nf — (co + _—2% + (_3)2 502 + .. > (6(6 — 9/)>Nf
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The sign problem as total derivatives

- N

c1 O o 0?
(npo (0 — 9’)>Nf = | cog+ _—12,% + (_2)2 502 + .. ) (6(6 — 9/)>Nf

Signal Noise

() 101 = / 40 (156(0 — 0141 = ¢4
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Example

- N

In 1-loop chiral perturbation theory only ¢; # 0

(nB)N, = /d@ (%%) (60 —6))n, =0

Only Noise
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Conclusions

- N

Interplay between lattice and analytic QCD is essential to understand QCD
at 1t =~ 0

o |
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Conclusions

- N

Interplay between lattice and analytic QCD is essential to understand QCD
at 1t =~ 0

Here:
Fixed 0
Non-Gaussian terms even for y < m, /2

Sign problem as total derivative
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Additional slides
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The distribution of np with 6

- N

(npd(0 — ‘9/)>1+1

1 d
i 7= [ 0460 = 0/ (u)det®(D + iy + e
2141 f—p dfL
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The distribution of np with 6

- N

(npd(0 — ‘9/)>1+1

1 d
i 7= [ 0460 = 0/ (u)det®(D + jing + e
2141 f—p dfL

Recall

000 —6'(n)=5- [ dpe

1 /OO _ipodet?’*(D + o + m)
27 J o0 det?’ (D — pro +m)
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The general form of

- N

p/2
1 <det (D + pyo +m) detNs (D + firyo + m)> = exp|polynomial in p]

ZN; \det?’?(D — pryo +m)
where
limg ePelymomial inp _ ,—p/2(Ny+p/2)X1—(p/2(Np+p/2))° X2+...
= p
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The general form of

- N

p/2
1 <det (D + pyo +m) detNs (D + firyo + m)> = exp|polynomial in p]

Zny \det??(D — pryo +m)
where
limg ePelymomial inp _ ,—p/2(Ny+p/2)X1—(p/2(Np+p/2))° X2+...
= p
dp . ) i
(npd(0 —0'))n,; = %6 P (co + c1p + cap® + .. )e PN P2 X
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The general form of

- N

p/2
1 <det (D + pyo +m) detNs (D + firyo + m)> = exp|polynomial in p]

ZNy \det"?(D — pyo +m)
where
lim ePeymomial inp _ ,—p/2(Np+p/2)X1—(p/2(Ng+p/2))* Xo+...
= p
dp _; ) i
(npd(0 —0'))n,; = %6 P (co + c1p + cap® + .. )e PN P2 X

... looks pretty complicated ... but in fact ...
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Total derivatives

We found

dp _; _ _
(560 — 0)w; = | 52 (cot crpt cap® + .. ) PANITRDX

- -
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Total derivatives

We found

dp _; _ _
(560 — )y = | 52 (co+ crpt cap® 4. e PANITRDNI

But this is simply
(npd(0 —0')) N,

_ >~ dp c1 0 ca O —iph _—p/2(Nj+p/2)X1+...
- /oo o (CO+ —i00 T (<i)2 002 +"'>6 c

o C1 (9 C2 82 /
— (Co—l—_—i%—i—(_i)QaeQ—F...) <5(9—9)>Nf
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Total derivatives

We found

dp _; _ _
(560 — 0)w; = | 52 (cot crpt cap® + .. ) PANITRDX

But this is simply
(nd(0 —0"))n,

0o 2
— / @ (Co + C_lg i cz 0 + .. ) e~ W0 ,—p/2(Nyt+p/2)X1+...

o 2m —i 00  (—i)2 062
o C1 8 (6%) (92 /
= (CO_‘_—_’L'%_F(—Z')Q@QQ_'_“.) <5(9—9)>Nf
Signal Noise
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Total derivatives and volume

- N

In 1-loop chiral perturbation theory

(nBd(0 —0"))141
d 6VAGO 0

= [lim —VAGo(—u, ji 1+
[Jim, i o(—1, )] r/AGO( i AG

) 2i0 —02/V AG
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In CPT at mean field level . .
Bosonic mean field rules

- — -

2ip0’ —(|lp+Ny/2|—Nys /2)VAQ
(PN = e (Ip+Nys/2|=Ny/2)

AQ) is the difference between the mean field terms
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In CPT at mean field level . .
Bosonic mean field rules

- — -

2ip0’ —(|lp+Ny/2|—Nys /2)VAQ
(PN = e (Ip+Nys/2|=Ny/2)

AQ) is the difference between the mean field terms

>2m?2

WEE — 4m

AQ =242 F? +

Lombardo Splittorff Verbaarschot PRD 80 (2009) 054509

o |

Sian oroblem as total derivative — p. 34/37



The 6-distribution (1 > m/2)

- N

O

1 . -
(35(20 = 20)) = — Y e M),
p=—00
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The 6-distribution (1 > m/2)

- N

O

1 . -
(35(20 = 20)) = — Y e M),
p=—00

Lorentzian (on [—7 /2 : 7/2])

VAQ sinh(VAQ)

5(20 — 26'))141 = ¥0°
0 )1 = 21 cosh(VAQ) — cos(26)
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The 6-distribution (1 > m/2)

- N

O

1 . -
(35(20 = 20)) = — Y e M),
p=—00

Lorentzian (on [—7 /2 : 7/2])

geV Al inh(VAQ)
5(20 — 260'))111 = 205 i
0 )1 = 21 cosh(VAQ) — cos(26)

Central limit theorem fails!
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Lorentzian folded onto |—7 /2 : 7 /2]

-

<0(6-0)>

0.3

0.1

0

|||||||||||||
Ve
L / \\ ]
/ \
/ \
/ \
- / \ ]
7 N
i 7 N
,// \\\
‘T"’.”l . | | | . L =
6 -4 2 0 2 6
0

Multiply by 2% to get (§(20 — 20"))1 44

o



Gaussian folded onto |[— : 7]

Multiply by €2 to get (§(0 — 0"))1 1
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