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• Definitions and motivation

• Low temperature (ground state) properties

• Strategies for studying the system and summary of (some) results

• A few words on finite temperature and related systems

• Summary
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Unitary fermions

3

A dilute mixture of spin 1/2 fermions at 
infinite two-particle scattering length
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2-particle scattering from a short-range potential
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2-particle scattering from a short-range potential
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Many-body X challenge (circ. 1999)
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http://www.phys.washington.edu/users/bertsch/

George Bertsch: What are the ground state properties of the many-
body system composed of spin-1/2 fermions interacting via a zero-
range, infinite scattering-length contact interaction?

• Original motivation: a model 
for dilute neutron matter

• Major advances on all fronts:

• experiment

• analytical calculation

• numerical simulations

http://www.phys.washington.edu/users/bertsch/
http://www.phys.washington.edu/users/bertsch/
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Interacting Fermi gas
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Interacting Fermi gas
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In the unitary limit, the properties of the system 
are universal in the sense that they are 

independent of the details of the interaction

9
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Example 1: free energy (homogeneous)

Observables are functions of two parameters:

✓ ⌘ T/EF⌘ ⌘ (pFa)
�1

For this talk I’ll take θ=0

F = EFG⌅(⌘, ✓)

EFG =
3

5
NEF
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Equation of state at zero temperature
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 Example 2: pairing gap (homogeneous)
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Physical realization:  ultra-cold atoms
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r0(
6Li) ⇠ 30a0

r0(
40K) ⇠ 60a0

��1/3 ⇠ 5000� 10000a0

(Bohr radius)

Interacting gas of fermions
(e.g., 6Li or 40K atoms)

Science, 298, pp. 2179-2182 (2002)
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Physical realization:  ultra-cold atoms
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r0(
6Li) ⇠ 30a0

r0(
40K) ⇠ 60a0

��1/3 ⇠ 5000� 10000a0

Interaction strength tuned by exploiting 
properties of a Feshbach resonance

Science, 298, pp. 2179-2182 (2002)

(Bohr radius)
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Feshbach resonances
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molecular bound state
http://cua.mit.edu/ketterle_group/

free unbound atoms

http://www.phys.washington.edu/users/bertsch/
http://www.phys.washington.edu/users/bertsch/
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Feshbach resonances

16

http://cua.mit.edu/ketterle_group/ http://cua.mit.edu/ketterle_group/

http://www.phys.washington.edu/users/bertsch/
http://www.phys.washington.edu/users/bertsch/
http://www.phys.washington.edu/users/bertsch/
http://www.phys.washington.edu/users/bertsch/
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Example: direct observation of superfluidity
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M. W. Zwierlein, et al. (2005)

Vortex lattices 
observed in a strongly 
interacting, rotating 

Fermi gas of 6Li

Experimentalprocedure
TocreateastronglyinteractingFermigas,spin-polarizedfermionic
6Liatomsweresympatheticallycooledtodegeneracyby23Naatoms
inamagnetictrap24.TheFermicloudwasthenloadedintoanoptical
dipoletrap,andan875Gexternalmagneticfieldwasapplied.Here
a50%/50%spinmixtureofthetwolowesthyperfinestatesof6Li
wasprepared.Betweenthesetwostates,labelledj1landj2l,thereisa
300-G-wideFeshbachresonancelocatedat834G(refs25,26).
Evaporativecooling(achievedbyreducingthelaserpower)
accompaniedbyamagneticfieldrampto766GontheBEC-side
oftheresonancetypicallyproducedaBECof3£106molecules3.

PreviousexperimentsstudyingtherotationofatomicBECs
employedmagnetictrapsoperatingatlowbiasfields27–31.Because
theFeshbachresonanceinoursystemoccursbetweentwohigh-field
seekingstatesthatcannotbetrappedmagnetically,anopticaldipole
trapoperatingathighmagneticbiasfieldswasnecessary.Ourset-up
employedatrappingbeamwitha1/e2radiusof123mm(wavelength
1,064nm),radiallyconfiningthegaswithatrapfrequencyof59Hzat
apowerof145mW.Axialconfinementwithtrapfrequency
nz¼23Hzwasprovidedbyanappliedmagneticfieldcurvature
thatdecreasedtheradialtrapfrequencytonr¼57Hz.Theaspect
ratioofthetrapwas2.5.Inthistrap,atafieldof766G,condensatesof
1£106molecules(thetypicalnumberinourexperimentafter
rotatingthecloud)haveThomas–Fermiradiiofabout45mmradially
and110mmaxially,apeakmoleculardensityof2.6£1012cm23,a
chemicalpotentialofabout200nK,andacharacteristicmicroscopic
lengthscaleof1/kF<0.3mm.Here,theFermiwavevectorkFis
definedbytheFermienergy(EF)ofanon-interactingtwo-state
mixtureof6LiatomsofmassmwithtotalatomnumberNina
harmonictrapof(geometric)meanfrequency!q;EF¼"!qð3NÞ1=3;
"2k2F=2m:ThroughoutthisArticlewewillestimatetheinteraction
parameter1/kFausingtheaveragenumberoffermionpairs
N/2¼1£106.Here,aisthescatteringlengthbetweenatomsin
statesj1landj2l:Atafieldof766G,1/kFa¼1.3.Becausethisgasis
stronglyinteracting,itisdifficulttoextractatemperaturefromthe
spatialprofile.Forweakerinteractions(at735G)thecondensate
fractionwasinexcessof80%,whichwouldisentropicallyconnectto
anidealFermigas32atT/TF¼0.07.TheBEC–BCScrossover
(1=kFjaj,1)occursintheregionbetween780Gand925G.

Thetrappedcloudwasrotatedaboutitslongaxisusingablue-
detunedlaserbeam(wavelength532nm)28,29,33.Atwo-axisacousto-
opticdeflectorgeneratedatwo-beampattern(beamseparation
d¼60mm,gaussianbeamwaistw¼16mm)thatwasrotated
symmetricallyaroundthecloudatavariableangularfrequencyQ.

Thetwobeamswith0.4mWpowereachproducedarepulsive
potentialof125nKforthe6Licloud,creatingastronglyanisotropic
potential.Thismethodwasfirsttestedusingaweaklyinteracting,
atomicBECof23Nainthestretchedupperhyperfinestateinan
opticaltrapwithnr¼60Hz,nz¼23Hz.Fullyequilibratedlattices
ofupto80vorticeswereobserved.Thevortexnumberdecayedwitha
1/elifetimeof4.2̂0.2s,whiletheatomnumberdecayed,owingto
three-bodylossesandevaporation,withalifetimeof8.8̂0.4s.The
roundnessoftheopticaltrapanditsalignmentwithboththeoptical
stirrerandtheaxesofthemagneticpotentialwerecritical.Any
deviationfromcylindricalsymmetryowingtomisalignment,optical
aberrations,orgravityrapidlydampedtherotation.Thegeneration
ofvorticesinsodiumwascomparativelyforgiving,andhadtobe
optimizedbeforevorticesin6Li2couldbeobserved.

Observationofvortexlattices
Inexperimentswith6LiclosetotheFeshbachresonance,the
interactionstrengthbetweenatomsinstatesj1landj2lcanbefreely
tunedviathemagneticfield.Thus,itispossibletochoosedifferent
magneticfieldstooptimizethethreestepsinvolvedinthecreationof
avortexlattice:stirringofthecloud(for800msatatypicalstirring
frequencyof45Hz),thesubsequentequilibration(typically500ms)
andtime-of-flightexpansionforimaging.Tostayclosetothe

Figure2|Vorticesinastronglyinteractinggasoffermionicatomsonthe
BEC-andtheBCS-sideoftheFeshbachresonance.Atthegivenfield,the
cloudoflithiumatomswasstirredfor300ms(a)or500ms(b–h)followed
byanequilibrationtimeof500ms.After2msofballisticexpansion,the

magneticfieldwasrampedto735Gforimaging(seetextfordetails).The
magneticfieldswere740G(a),766G(b),792G(c),812G(d),833G(e),
843G(f),853G(g)and863G(h).Thefieldofviewofeachimageis
880mm£880mm.

Figure3|OptimizedvortexlatticesintheBEC–BCScrossover.Aftera
vortexlatticewascreatedat812G,thefieldwasrampedin100msto792G
(BEC-side),833G(resonance)and853G(BCS-side),wherethecloudwas
heldfor50ms.After2msofballisticexpansion,themagneticfieldwas
rampedto735Gforimaging(seetextfordetails).Thefieldofviewofeach
imageis880mm£880mm.
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Experimental procedure
To create a strongly interacting Fermi gas, spin-polarized fermionic
6Li atoms were sympathetically cooled to degeneracy by 23Na atoms
in a magnetic trap24. The Fermi cloud was then loaded into an optical
dipole trap, and an 875G external magnetic field was applied. Here
a 50%/50% spin mixture of the two lowest hyperfine states of 6Li
was prepared. Between these two states, labelled j1l and j2l, there is a
300-G-wide Feshbach resonance located at 834 G (refs 25, 26).
Evaporative cooling (achieved by reducing the laser power)
accompanied by a magnetic field ramp to 766G on the BEC-side
of the resonance typically produced a BEC of 3 £ 106 molecules3.
Previous experiments studying the rotation of atomic BECs

employed magnetic traps operating at low bias fields27–31. Because
the Feshbach resonance in our system occurs between two high-field
seeking states that cannot be trapped magnetically, an optical dipole
trap operating at high magnetic bias fields was necessary. Our set-up
employed a trapping beam with a 1/e2 radius of 123 mm (wavelength
1,064 nm), radially confining the gas with a trap frequency of 59Hz at
a power of 145 mW. Axial confinement with trap frequency
n z ¼ 23Hz was provided by an applied magnetic field curvature
that decreased the radial trap frequency to n r ¼ 57Hz. The aspect
ratio of the trapwas 2.5. In this trap, at a field of 766G, condensates of
1 £ 106 molecules (the typical number in our experiment after
rotating the cloud) have Thomas–Fermi radii of about 45 mm radially
and 110 mm axially, a peak molecular density of 2.6 £ 1012 cm23, a
chemical potential of about 200 nK, and a characteristic microscopic
length scale of 1/kF < 0.3 mm. Here, the Fermi wavevector kF is
defined by the Fermi energy (EF) of a non-interacting two-state
mixture of 6Li atoms of mass m with total atom number N in a
harmonic trap of (geometric) mean frequency !q; EF ¼ " !qð3NÞ1=3 ;
"2k2F=2m: Throughout this Article we will estimate the interaction
parameter 1/k Fa using the average number of fermion pairs
N/2 ¼ 1 £ 106. Here, a is the scattering length between atoms in
states j1l and j2l: At a field of 766G, 1/kFa ¼ 1.3. Because this gas is
strongly interacting, it is difficult to extract a temperature from the
spatial profile. For weaker interactions (at 735G) the condensate
fraction was in excess of 80%, which would isentropically connect to
an ideal Fermi gas32 at T/T F ¼ 0.07. The BEC–BCS crossover
(1=kFjaj, 1) occurs in the region between 780G and 925G.
The trapped cloud was rotated about its long axis using a blue-

detuned laser beam (wavelength 532 nm)28,29,33. A two-axis acousto-
optic deflector generated a two-beam pattern (beam separation
d ¼ 60 mm, gaussian beam waist w ¼ 16 mm) that was rotated
symmetrically around the cloud at a variable angular frequency Q.

The two beams with 0.4mW power each produced a repulsive
potential of 125 nK for the 6Li cloud, creating a strongly anisotropic
potential. This method was first tested using a weakly interacting,
atomic BEC of 23Na in the stretched upper hyperfine state in an
optical trap with n r ¼ 60Hz, n z ¼ 23Hz. Fully equilibrated lattices
of up to 80 vortices were observed. The vortex number decayedwith a
1/e lifetime of 4.2 ^ 0.2 s, while the atom number decayed, owing to
three-body losses and evaporation, with a lifetime of 8.8 ^ 0.4 s. The
roundness of the optical trap and its alignment with both the optical
stirrer and the axes of the magnetic potential were critical. Any
deviation from cylindrical symmetry owing to misalignment, optical
aberrations, or gravity rapidly damped the rotation. The generation
of vortices in sodium was comparatively forgiving, and had to be
optimized before vortices in 6Li2 could be observed.

Observation of vortex lattices
In experiments with 6Li close to the Feshbach resonance, the
interaction strength between atoms in states j1l and j2l can be freely
tuned via the magnetic field. Thus, it is possible to choose different
magnetic fields to optimize the three steps involved in the creation of
a vortex lattice: stirring of the cloud (for 800ms at a typical stirring
frequency of 45Hz), the subsequent equilibration (typically 500ms)
and time-of-flight expansion for imaging. To stay close to the

Figure 2 | Vortices in a strongly interacting gas of fermionic atoms on the
BEC- and the BCS-side of the Feshbach resonance. At the given field, the
cloud of lithium atoms was stirred for 300ms (a) or 500ms (b–h) followed
by an equilibration time of 500ms. After 2ms of ballistic expansion, the

magnetic field was ramped to 735G for imaging (see text for details). The
magnetic fields were 740G (a), 766G (b), 792G (c), 812G (d), 833G (e),
843G (f), 853G (g) and 863G (h). The field of view of each image is
880mm £ 880mm.

Figure 3 | Optimized vortex lattices in the BEC–BCS crossover. After a
vortex lattice was created at 812 G, the field was ramped in 100ms to 792G
(BEC-side), 833G (resonance) and 853G (BCS-side), where the cloud was
held for 50ms. After 2ms of ballistic expansion, the magnetic field was
ramped to 735G for imaging (see text for details). The field of view of each
image is 880mm £ 880mm.
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opticdeflectorgeneratedatwo-beampattern(beamseparation
d¼60mm,gaussianbeamwaistw¼16mm)thatwasrotated
symmetricallyaroundthecloudatavariableangularfrequencyQ.
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potential.Thismethodwasfirsttestedusingaweaklyinteracting,
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opticaltrapwithnr¼60Hz,nz¼23Hz.Fullyequilibratedlattices
ofupto80vorticeswereobserved.Thevortexnumberdecayedwitha
1/elifetimeof4.2̂0.2s,whiletheatomnumberdecayed,owingto
three-bodylossesandevaporation,withalifetimeof8.8̂0.4s.The
roundnessoftheopticaltrapanditsalignmentwithboththeoptical
stirrerandtheaxesofthemagneticpotentialwerecritical.Any
deviationfromcylindricalsymmetryowingtomisalignment,optical
aberrations,orgravityrapidlydampedtherotation.Thegeneration
ofvorticesinsodiumwascomparativelyforgiving,andhadtobe
optimizedbeforevorticesin6Li2couldbeobserved.

Observationofvortexlattices
Inexperimentswith6LiclosetotheFeshbachresonance,the
interactionstrengthbetweenatomsinstatesj1landj2lcanbefreely
tunedviathemagneticfield.Thus,itispossibletochoosedifferent
magneticfieldstooptimizethethreestepsinvolvedinthecreationof
avortexlattice:stirringofthecloud(for800msatatypicalstirring
frequencyof45Hz),thesubsequentequilibration(typically500ms)
andtime-of-flightexpansionforimaging.Tostayclosetothe

Figure2|Vorticesinastronglyinteractinggasoffermionicatomsonthe
BEC-andtheBCS-sideoftheFeshbachresonance.Atthegivenfield,the
cloudoflithiumatomswasstirredfor300ms(a)or500ms(b–h)followed
byanequilibrationtimeof500ms.After2msofballisticexpansion,the

magneticfieldwasrampedto735Gforimaging(seetextfordetails).The
magneticfieldswere740G(a),766G(b),792G(c),812G(d),833G(e),
843G(f),853G(g)and863G(h).Thefieldofviewofeachimageis
880mm£880mm.

Figure3|OptimizedvortexlatticesintheBEC–BCScrossover.Aftera
vortexlatticewascreatedat812G,thefieldwasrampedin100msto792G
(BEC-side),833G(resonance)and853G(BCS-side),wherethecloudwas
heldfor50ms.After2msofballisticexpansion,themagneticfieldwas
rampedto735Gforimaging(seetextfordetails).Thefieldofviewofeach
imageis880mm£880mm.
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Nuclear physics: light nuclei
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Unitary fermions can provide a starting point for an 
effective field theory description for nuclear physics

a ~ -23.7 fm 
r0 ~ 2.77 fm

a ~  5.4 fm
r0 ~ 1.7 fm

(deuteron channel)

1S0(np)

3S1(np)

D. Lee (Aug. 6 @ 11am)
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Effective field theory description
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zero-range contact interaction

� = (�",�#)
D=3 dimensions
(Euclidean space)

S =

Z
d

D+1
x


 

†
✓
@⌧ � r2

2M
� µ

◆
 + C0( 

†
 )2

�
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Effective field theory description

20

= +

Relationship between coupling (C0) and scattering length:

two-particle
scattering amplitude

C0

S =

Z
d

D+1
x


 

†
✓
@⌧ � r2

2M
� µ

◆
 + C0( 

†
 )2

�

A�1(p)
��
p!0

=
M

4⇡a
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Effective field theory description
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Relationship between coupling (C0) and scattering length:

0 1ê2 1
0

1ê4

C
`
0

b`

IR: trivial, free UV: unitary, conformal

nonperturbative�̂ = �
@Ĉ0

@�
= �Ĉ0(1� Ĉ0)

Renormalization scale (λ)

S =

Z
d

D+1
x


 

†
✓
@⌧ � r2

2M
� µ

◆
 + C0( 

†
 )2

�

D. B. Kaplan, et al. (1998)

Ĉ0(�) = �M�

4⇡
C0(�)
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Symmetries of free and unitary fermions
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Conformal transformation:

Scale transformation:

 T. Mehen, et al., Phys. Lett. B 474 (2000) 145
Y. Nishida, et al, Phys. Rev. D 76 (2007) 086004

x ! �x t ! �

2
t  ! �

�3/2
 

x ! x

1 + �t

t ! t

1 + �t

 ! (1 + �t)3/2e
�iM�x

2

2(1+�t)
 

(these, combined with rotations, translations, etc., 
are generated by the Schrödinger algebra)
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Virial theorems
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Hosc = H + V

hHni = hV ni (for any trapped state, any n)

untrapped Hamiltonian
(incl. interparticle potential)

harmonic potential

trapped Hamiltonian

Conformal symmetry and scale invariance implies:

 T. Mehen, Phys. Rev. A 78 (2008) 013614
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Operator-state correspondence
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harmonic trapfree space

Hosc| Oi = !�O| Oi| Oi = e�H/!O†|0i

“primary” operator constructed 
from N creation operators and 

having scaling dimension ΔO

Hosc = H + V

(follows from conformal symmetry and scale-invariance) Y. Nishida and D. T. Son (2007)
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Operator-state correspondence

25

Y. Nishida and D. T. Son (2007)

Hosc| Oi = !�O| Oi| Oi = e�H/!O†|0i

“primary” operator constructed 
from N creation operators and 

having scaling dimension ΔO

Hosc = H + V

(follows from conformal symmetry and scale-invariance)

Reference

2 0 2 S. Tan (2004)

3 0 4.66622 S. Tan (2004)

3 1 4.27272 S. Tan (2004)

4 0 5.1(1)
5.07(1)

S. Y. Chang, et al. (2007)
J. von Stecher, et al. (2007)

O`N

 " #

 " #r "

 " #@t "

 " #~r " · ~r #

�O
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Contact density
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C(x) = g

2h †
" 

†
# " #(x)i

Provides a link between the microscopic properties of 
the system to the macroscopic properties of the system 

(examples on the next slides)

C =

Z
d

3
x C(x)

• Plays central role in universal (Tan) relations

• away from unitarity

• at finite temperature
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Universal (Tan) relations
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• First derivation (~2005) used generalized functions 
(distributions) to handle singularities in the zero-range limit:

• S. Tan, Annals of Physics 323, 2952 (2008), cond-mat/0505200

• S. Tan, Annals of Physics 323, 2971 (2008), cond-mat/0508320

• S. Tan, Annals of Physics 323, 2987 (2008), arXiv:0803.0841

• Derivations based on quantum field theory methods (i.e., 
operator-product expansion):

• E. Braaten and L. Platter, Phys. Rev. Lett. 100, 205301 (2008)  

• E. Braaten, D. Kang, and L. Platter, Phys. Rev. A 78, 053606 (2008), arXiv:
0806.2277
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Universal (Tan) relations: microscopic

28

Fall-off of momentum distribution: C = lim
k!1

k4⇢�(k)

Local pair density:

Number of fermion pairs in a small sphere of radius s
(computable from density-density correlator)

C = lim
s!0

4

s4
Npair(s)
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Universal (Tan) relations: macroscopic

29

Generalized virial theorem:

Adiabatic sweep theorem:

...

Pressure relation:

(and several more)

hHi = hV i � C

8⇡Ma

P =
2

3
E +

C
12⇡Ma

C = (�4⇡M)
@E

@a�1
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Dimensionless contact
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E/EFG

(BCS) (BEC)

(Unitary)

C

NpF
=

6⇡

5
⇣ + . . .

(pF r0 = 0)

1 +
10

9⇡
pFa+ . . . ⇠ � ⇣

1

pFa
+ . . .

�5

3

1

(pFa)2
+ . . .

⌘

C

NpF
= 4⇡

1

pFa
+ . . .

C

NpF
=

4

3
(pFa)

2 + . . .
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Experimental verification of Tan’s relations
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-2.0 -1.5 -1.0 -0.5 0
-0.06

-0.03

0

0.03

0.06

(k )Fa
-1

T
+

I-
V

FIG. 4: Testing the generalized virial theorem. The difference between the measured release

energy and potential energy per particle T+I−V is shown as open circles. This corresponds to the

left hand side of Eq. 3. Filled circles show the right hand side of Eq. 3 obtained from the average

values of the contact shown in Fig. 2. The two quantities are equal to within the measurement

uncertainty, which is on order of 0.01EF .

as for the unitarity gas, where (kFa)−1 = 0. This result for the unitarity gas was previously

verified in Ref. [28]. Here, we test Eqn. 3 for a range of interaction strengths. In Fig. 4 we

plot the measured difference T + I − V versus (kFa)−1 along with C
4πkF a , where we use our

direct measurements of C. We find that these independent measurements of the left and

the right sides of Eqn. 3 agree to within our error, which is roughly 1% of the Fermi energy.

It is interesting to note that the measured energy difference T + I − V is small (in units of

EF ), so that even a Fermi gas with a strongly attractive contact interaction nearly obeys

the non-interacting virial equation.

In conclusion, we have measured the integrated contact for a strongly interacting Fermi

gas and demonstrated the connection between the 1/k4 tail of the momentum distribution

and the high frequency tail of rf spectra. Combining a measurement of C vs (kFa)−1 with

measurements of the potential energy and the release energy of the trapped gas, we verify

two universal relationships [2, 3], namely the adiabatic sweep theorem and the generalized

9

-2 -1 0

0

2

4

(k )Fa
-1

-2
d

E
/d

(1
/k

)
!

F
a

E

-3 -2 -1 0

0.25

0.30

0.35

0.40

T+I
V

FIG. 3: Testing the adiabatic sweep theorem. (Inset) The measured potential energy, V , and

release energy, T + I, per particle in units of EF is shown as a function of 1/kF a. (Main) Taking

a discrete derivative of the data shown in the inset, we find that 2π dE
d(−1/(kF a)) (•) agrees well with

the contact C measured from the high-k tail momentum distribution (◦).

interaction strength is changed adiabatically. To obtain the energy per particle, E, we sum

the values for T +I and V shown in the inset of Fig. 3. To test the adiabatic sweep theorem,

we find the derivative, dE
d(−1/(kF a)) , simply by calculating the slope for pairs of neighboring

points in the inset to Fig. 3. In the main part of Fig. 4, we compare this point-by-point

derivative, multiplied by 2π, to C obtained from the average values of the data shown in

Fig. 2(◦). Comparing these measurements of the left and right sides of Eqn. 2, we find good

agreement and thus verify the adiabatic sweep theorem for our strongly interacting Fermi

gas.

A second universal relation that we can directly test is the generalized virial theorem [2],

E − 2V = T + I − V = −
C

4πkFa
, (3)

which relates the difference between the release energy and the potential energy to the

contact. Eqn. 3 is predicted to be valid for all values of the interaction strength (kFa)−1.

This generalized virial theorem reduces to E−2V = 0 for the ideal gas, where I = 0, as well

8

J.T. Stewart, et al.,  Phys. Rev. Lett. 104 (2010) 235301 

Contact measured directly from momentum distribution 
of the density (harmonically trapped 40K atoms)

filled
openC = (�4⇡M)

@E

@a�1
hHi = hV i � C

8⇡Ma
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Strategies

32

• Experimental measurement (ultracold atoms)

• enormous advances in techniques and precision

• primary driving force behind theoretical investigations

• Analytical calculations

• mean field, extrapolation from BCS regime, ε-expansion,...

• generically possess uncontrolled systematic errors

• Numerical calculations

• Quantum Monte Carlo

• Density Functional Theory

• ...
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• Diffusion Μonte Carlo

• coordinate space (continuum), fixed-node wavefunctions

• Greens Function Monte Carlo

• Auxiliary Field Monte Carlo

• interactions induced via auxiliary fields

• most similar to lattice QCD methods

• (Bold-line) Diagrammatic Monte Carlo

• samples the space of Feynman diagrams

• simulation performed in the thermodynamic limit

• Diagrammatic Determinant Monte Carlo

Numerical strategies (too many!)

33

variatio
nal

variatio
nal

N. Prokof’ev, B. Svistunov
Phys. Rev. Lett. 99 (2007) 250201
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• Diffusion Μonte Carlo

• continuum coordinate space, fixed-node wavefunctions

• Greens Function Monte Carlo

• Auxiliary Field Monte Carlo

• interactions induced via auxiliary fields

• most similar to lattice QCD methods

• (Bold-line) Diagrammatic Monte Carlo

• samples the space of Feynman diagrams

• simulation performed in the thermodynamic limit

•

Numerical strategies (here’s one)

34

Nice review article:
“Lattice methods for strongly interacting many-body systems”

J. E. Drut and A. N. Nicholson, J. Phys. G 40 (2013) 043101 
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Auxiliary Field Monte Carlo

35

p’ q’

qpq

p’ q’

p

S =

Z
d

D+1
x


 

†
✓
@⌧ � r2

2M
� µ+ �

◆
 +

m

2

2
�

2

�

C0 C0 =
1

m2

Hubbard-Stratonovich transformation 
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Auxiliary Field Monte Carlo

36

Z =

Z
[d�]e�

m2

2 �2

det

✓
@⌧ � r2

2M
� µ+ �

◆2

(positive definite)

det

✓
1� r2

2M

◆2N⌧

zero-temp. 
(open BCs)

Single fermion propagator: S(�) =

✓
@⌧ � r2

2M
� µ+ �

◆�1
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Fermions propagating on a random background

37

S(�) =

✓
@⌧ � r2

2M
� µ+ �

◆�1

Lattice construction & parameter tuning

Fermion propagation in a random background

Ti
m
e

single particle source |↵
i

i (i=1. . . N)

free propagation in space

forward propagation in time

local interaction on time-like links

K�1(⌧ ; 0)|↵
i

i = D�1X (⌧ � 1)D�1 . . .X (2)D�1X (1)D�1X (0)D�1|↵
i

i

Michael G. Endres (RIKEN) Numerical simulations for unitary fermions February 8, 2012 16 / 47

Lattice construction & parameter tuning

Correlators construction: N" = N# = N/2

Multi-fermion sinks constructed from
single particle wave functions: |↵

i

i for
i = 1 . . .N/2

Antisymmetrization performed via
Slater determinants

Poor overlap with unitary fermion
ground state: ⇠ ⇡ 0.4

C
N

(⌧) = h| det S |2i , S
ij

= h↵
i

|K�1(⌧ ; 0)|↵
j

i

Michael G. Endres (RIKEN) Numerical simulations for unitary fermions February 8, 2012 17 / 47

CN (⌧) =

 0
j(⌧)

†S(�) i(0)

⇠ e�b⌧N⌧Egnd
+ excited

= h 0|e�b⌧H · · · e�b⌧H | i

�
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Numerical strategies: Lattice Monte Carlo

38

{

{

b⌧

�
p�1
F

1 ⌧ N

Required hierarchy of scales:

r0 ⇠ bs ⌧ p�1
F ⌧ L ⌧ a

b⌧ ⌧ E�1
F ⌧ �
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Removal of systematic errors

• Tune the scattering length to infinity

• Estimate observables, measured in appropriate units of L (L0) 
and EF (ω)

• Perform infinite volume extrapolations

• Repeat for several values of N and extrapolate N to infinity

39

For canonical ensemble simulations, continuum 
limit is the same as the infinite volume limit!
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Removal of effective range effects

40

5

At unitarity (infinite scattering length) the ratio of the energies of interacting and
noninteracting Fermi gases E/E

FG

is typically called the Bertsch parameter ⇠.32)

3.1. Unitarity

0 0.1 0.2 0.3 0.4
ρ

1/3 = αN1/3/L

0.32

0.34

0.36

0.38

0.40

 ξ
 

N = 38
N = 48
N = 66

εk
(4)

εk
(h)

εk
(2)

Fig. 1. AFMC lattice calculations of the unitary Fermi Gas ⇠ parameter, updated from Ref. 23).
Symbols are for di↵erent kinetic terms as a function of particle number and lattice size. The
lattice spacing is denoted as ↵. Simulations have been performed with L3 lattices, for di↵erent
values of lattice length L in each direction; open symbols are for even L=16,20,24; closed are
for odd L (see text). All extrapolations are consistent with ⇠ = 0.372(5).

A history of results for the Bertsch parameter is given in Ref. 28). The first
DMC calculation used up to 40 particles and a modified Poeschl-Teller potential
with k

F

r
e

⇡ 0.3, where r
e

is the e↵ective range of the interaction, and yielded a
fixed-node energy of ⇠ = 0.44(1).17) Subsequent DMC calculations used improved
trial functions, larger particle numbers, and better extrapolations to k

F

r
e

! 0 to
yield ⇠ = 0.40(1).33) The best present DMC result is from the calculations of Ref.
34), while an updated extrapolation to r

e

! 0 gives ⇠ = 0.390(1)35) for an upper
bound. This calculation also carefully compared results at finite particle number to
a superfluid Local Density Approximation (LDA) to extrapolate to large N. It was
found that calculations for N = 38 or larger are very close to the thermodynamic
limit.

There is also a substantial history of lattice simulations, both for the ground-
state,22), 36), 37), 38), 24) and at finite temperature.21), 39) The earliest ground-state cal-
culations estimated ⇠ = 0.25(3), for systems up to 22 particles on lattices up to
63. The recent calculations of Ref. 23) use branching random walks and a BCS
trial function and importance sampling for systems of 66 particles on lattices up to

J. Carlson, et al. Phys. Rev. A 84 (2011) 061602

...via modification of the single 
particle dispersion relation 

...via smearing the two-body 
interaction (i.e., adding 
derivative interactions)

-0.003

-0.002

-0.001

 0

 0.001

 0.002

 0.003

-0.01 -0.008 -0.006 -0.004 -0.002  0

p
 c

ot
 δ

 [l
at

t. 
un

its
]

p2 [latt. units]

Hamiltonian lattice H1
Hamiltonian lattice H2

FIG. 1: (Color online) Plot of p cot δ0(p) versus p2 for the lattice Hamiltonians H1 and H2.

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0.24

 0.26

 0  0.05  0.1  0.15  0.2  0.25  0.3

ξ 2
,2

1/L

0.211(2)

0.210(2)

Hamiltonian lattice H1
Hamiltonian lattice H2

FIG. 2: (Color online) Ground state energy ratio ξ2,2 for lattice Hamiltonians H1 and H2. We

show results for values L = 4, 5, 6, 7, 8, and extrapolate to the infinite volume limit.

and for H2 we get

ξ2,2 = 0.210(2). (20)

The agreement between these two independent calculations is consistent with our estimate

of the systematic errors.

The third-degree polynomial extrapolation is made possible by the high precision data

obtained for each L using Lanczos eigenvector iteration. For the Monte Carlo data appearing

8

S. Bour, et al., Phys. Rev. A 83 (2011) 063619

See e. g.,
S. Bour, et al., Phys. Rev. A 83 (2011) 063619
M. G. E, et al., Phys Rev. A 84 (2011) 043644
J. Drut, Phys. Rev. A 86 (2012) 013604
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1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 20140.0

0.2

0.4

0.6

0.8

1.0

time HyrsL

x

simulation

experiment

analytical

Bertsch parameter (ξ)

41
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1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 20140.0

0.2

0.4

0.6

0.8

1.0

time HyrsL

x

simulation

experiment

analytical

Bertsch parameter (ξ)

42

0.366(+16/-11)
M. G. E, et al.

0.376(4)
M. J. H. Ku, et al.

0.372(5)
J. Carlson, et al.

0.3897(4)
M. Forbes, et al.

0.370(5)(8)
Ku, et al. (adjusted)
(see G. Zürn, et al.)

0.329(5)
D. Lee

0.4(approx.)
J. E. Drut, et al.

D.T. Son, et al.
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Dimensionless contact (homogeneous)

43

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

2.5

3.0

3.5

4.0

time HyrsL

C
êHN

p F
L

simulation

experiment

analytical

Contact first 
introduced by S. Tan

ζ ~ 0.78(3) - 1.0(1)

C

NpF
=

6⇡

5
⇣
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Dimensionless contact

44

1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013 2014

2.5

3.0

3.5

4.0

time HyrsL

C
êHN

p F
L

simulation

experiment

analytical

3.02
R. Haussmann, et al.

3.33
J.-W. Chen, et al.

3.5(1)
N. Navon, et al. 3.5(1)

E. Kuhnle, et al.

3.26
I. Boettcher, et al.

3.382(8)
S. Gandolfi, et al.

2.95(10)
J. E. Drut, et al.

3.00(12)
T. Abe, et al.

3.035(8)
D. Lee

3.77(38)
D. Lee

3.4 (approx)
C. Lobo
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Pairing gap (Δ)

45

�(2n+ 1) = E(2n+ 1)� 1

2
[E(2n) + E(2n+ 2)]

N = 2n+ 1 (n 2 Z)

!BCS!R" # Af$!!r110" . . .!!rnn0"%
& $ 1"!rn'1" . . . u"!rn'u"%
& $ 1#!r!n'1"0" . . . d#!r!n'd"0"%g: (13)

The unpaired particles are in  i" and  j# single particle
states.We can write this wave function as the determinant
of an M&M matrix, where M # n' u' d [15].
For example, when u # 2 and d # 3 the matrix is given
by

0

B

B

B

B

B

B

B

B

B

B

B

B

@

!!r110" !!r120" ( ( ( !!r1!n'd"0"  1"!r1"  2"!r1"
!!r210" !!r220" ( ( ( !!r2!n'd"0"  1"!r2"  2"!r2"

..

. ..
. ..

...
...
. ..

. ..
. ..

.

!!r!n'u"10" !!r!n'u"20" ( ( ( !!r!n'u"!n'd"0"  1"!rn'u"  2"!rn'u"
 1#!r10"  1#!r20" ( ( (  1#!r!n'd"0" 0 0
 2#!r10"  2#!r20" ( ( (  2#!r!n'd"0" 0 0
 3#!r10"  3#!r20" ( ( (  3#!r!n'd"0" 0 0

1

C

C

C

C

C

C

C

C

C

C

C

C

A

(14)

The fact that the general !BCS!R" can be expressed as a
determinant makes it possible to perform numerical cal-
culations for large values of N. When N # 2n, the fully
paired ground state has u # d # 0, while those of sys-
tems with N # 2n' 1 have either u or d # 1.

The FN-GFMC ground state energies for various val-
ues of N are shown in Fig. 3. The straight dotted line in
Fig. 3 is 0:44EFG. The calculated energies have the odd-
even gap expected in superfluids and well-known in
nuclei. The values of the odd-even gap,

"!N # 2n' 1" # E!N" ) 1
2$E!N ) 1" ' E!N ' 1"%;

(15)

are shown in Fig. 4. The estimated value of the gap is
*0:9EFG or *2"EFG. In fact, the odd particle removal
energies, E!N # 2n' 1" ) E!N # 2n", at fixed density,
are *!4=3"EFG. The odd particles in the interacting gas
have energies higher than that for noninteracting gas.
Apparently the odd particles do not gain any benefit
from the attractive pair potential; on the other hand,
they hinder the pairing of the others. BCS calculations

including polarization correction [16,17] give " #
0:81EFG in the large a limit.

Several consequences of the strong pairing in this
superfluid gas are seen in the calculated energies.
Noninteracting Fermi gases have shell gaps at N # 14
and 38; they are not noticeable in this gas. The ground
states of 15 and 17 particle systems have momenta with
I # 1 rather than the I # 2 in noninteracting states and
the I # 0 expected in the limit of strongly bound pairs.

Some of the differences between the nodal structures of
the JS and J-BCS wave functions can be seen by consid-
ering the case where ri # ri0 . For the JS case, the up and
down determinants will then be identical and the com-
plete wave function will be the square of one of these
determinants. We now imagine exchanging the positions
of two pairs by rotating them around their center of mass.
Since each determinant must change sign, the JS wave
function must go through zero during this exchange.
When the pairs are separated by small distances the up
and down determinants are no longer equal. Thus they
will change signs at different points along the exchange
path. We therefore expect a negative region which will
effectively block these ‘‘two-boson’’ exchanges for fixed
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FIG. 3. The E!N" in units of EFG.
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Pairing gap (Δ)
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Pairing gap (Δ)
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0.52(1)
J.-W. Lee, et al.

0.44(3)
A. Shirotzek, et al.

0.45(5)
J. Carlson, et al.

0.38(3)
T. Abe, et al.

0.59(2)
S. Y. Chang, et al.

0.54 (approx.)
J. Carlson, et al.
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Finite Temperature

• Superfluid-normal phase transition temperature Tc/EF ~ O(1)

• experimentally and numerically accessible

• Tc/EF ~ 0.167(13) (exp.) 

• Tc/EF ~ 0.171(5) (DDMC)

• many many numerical studies

• Shear viscosity

• evidence η/s approaches Kovtun-Son-Starinet (KSS) bound 
slightly above Tc

• η/s ~ 0.2 ℏ/kB

48

O. Goulko, et al., Phys. Rev. A 82 (2010) 053621
O. Goulko, Lattice 2013 (poster session)

M. J. Ku, et al., Science 335 (2012) 563

G. Wlazłowski, et al., Phys. Rev. Lett. 109 (2012) 020406
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Universal fermi gases in lower dimensions
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• 1+1 space-time dimensions
• 4-component Fermi gas
• Attractive 4-body contact interaction 

tuned to zero-energy bound state
• Qualitatively identical zero-temperature 

properties as in 3D

“Universal Fermi gases in mixed dimensions” 
Y. Nishida and S. Tan  
Phys. Rev. Lett. 101, 170401 (2008)

“Universal four-component Fermi gas in one dimension”
Y. Nishida and D. T. Son
Phys. Rev.  A 82, 043606 (2010) 
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Unitary Fermions in one-dimension
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M. G. E., Phys. Rev. Lett. 109 (2012) 250403
M. G. E., Phys. Rev. A 87 (2013) 063617

Also by combining contacts: ξ=0.372(8)
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Comparison of 1d and 3d Bertsch parameters
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ξ1D

Agrees with current 
best estimates for ξ3D 

to within 1% errors!

Coincidence? Or 
perhaps deeper 

underlying connection?
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Summary

• Unitary fermions are an exciting subject!

• strong interplay between experiment and theory

• Despite their apparent simplicity, unitary fermions remain 
challenging to study nonperturbatively

• substantial progress in analytical and numerical techniques

• provide a testing ground for new theoretical methods

• widely varied results from simulation (e.g. contact)

• many remaining open questions, new avenues for exploration

• Potential connections between unitary fermions in different 
dimensions?
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Thank you for your attention!
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